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Abstract: In this work, we study k—type (k € {0,1,2,3}) slant helices with non-zero 
Bishop curvature functions due to Bishop frame in E*. General helix is a 0—type slant helix 
within the notation of this study. We characterize all of slant helices in terms of Bishop 


curvatures in E?. 
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81. Introduction 


In the local differential geometry of space curves, it is well-known that a general helix is a curve 
whose tangent makes a constant angle with a non-zero constant vector field (the axis of the 
helix). Moreover, the necessary and sufficient condition for a curve is a general helix if and only 
if the ratio of the curvature and the torsion of that curve is constant. A slant helix is defined as 


a curve whose principal normal vector makes a constant angle with a fixed direction by Izumiya 














and Takeuchi in E? [7]. Some characterizations of a slant helix are investigated in [9]. Ali and 











Turgut have generalized the slant helix to Euclidean n-space E” and have given some properties 
for a non-degenerate slant helix [2]. Oztiirk et.al. have considered the focal representation and 











some properties of focal curves with their curvatures of k-slant helices in E™*+ [11]. Further, 





some characterizations of slant helices in different spaces such as Minkowski and Galilean are 
studied [12, 13, 14, 16]. 

Most of the study of curves are done by using Frenet-Serret frame in classical differential 
geometry in Euclidean space. In [4], Bishop defined an alternative over Frenet frame for a curve 
and called it Bishop frame. The advantage of Bishop frame is well-defined when the curve has 











a vanishing second derivative in 3-dimensional Euclidean space E® unlike Frenet frame. Also, 





Bishop frame is used in many applications such as engineering, computer aided design, DNA 
analysis etc. After defining this useful alternative frame, many studies have been done by 
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mathematicians using it [3, 8, 15]. Ozcelik et. al. have been introduced the parallel transport 











frame of the curve in 4-dimensional Euclidean space E* [10]. 





The present study aims to determine the characterize all of slant helices in terms of Bishop 











curvatures in E+ with the help of the literature. 





§2. Preliminaries 





Here, the basic definitions and theorems for the theory of curves in Euclidean 4-space E* are 











given for the next section (A more complete elementary treatment can be found in [5], [6]). 











The standard flat metric in Euclidean 4-space E* is given by 





; = du} + dx} + dx3 + dai, 
3 











where (x1, %2,%3,%4) is a rectangular coordinate system of Euclidean 4-space E*. The norm of 

















an arbitrary vector a € E* is given by |la|| = \/(a,a). The curve a is called an unit speed curve 











if a velocity vector v of a satisfies ||v|| = 1. For vectors v,w € E’, it is said to be orthogonal if 














and only if (v,w) = 0. Let a = a(s) be a regular curve in Euclidean 4-space E+. If the tangent 





vector field of this curve forms a constant angle with a constant vector field U, then this curve 


is called a general helix or an inclined curve. 





4 








Denote by {T, N, B, E} the moving Frenet-Serret frame along the curve a in the space 














For an arbitrary curve a in Euclidean 4-space E*, the following Frenet-Serret formulae is given 





with respect to the first curvature «, the second curvature 7 and the third curvature o in [6] 


[e | ° Kk 0 0} {7 ] 


N’ —K 0 rT 0 N 
B! O° ae AGa We Billy 
E! OO xe E 


where T,N,B and E are called the tangent, the principal normal, the first and the second 


binormal vectors of the curve a, respectively. 











Theorem 2.1([14]) Let a = a(t) be an arbitrary curve in Euclidean 4-space E* with above 





Frenet-Serret equations. Frenet-Serret apparatus of a can be written as follows: 


a’ 


~ Mell 


af? 


N= Ila’ ||? a” = (a’, al”) a! 
or? a" — (at, 2) a’ 





; (2.2) 








B=pN AT A By, (2.3) 
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= More ay (2.4) 
2 
_ [leo - eae (2.5) 
Jo 
__ILAN Aa II0"| 
© [flere = gla’, ara" se 
and 
pemereare ee (2.7) 


TAN Aa || la’ ||’ 
where ps is taken —1 or +1 to make +1 the determinant of the matrix [T, N, B, E). 


Bishop frame is also referred to as parallel transport that is an orthonormal frame formed 
by transporting in parallel each component of the frame. The parallel transport is formed with 
tangent vector and any convenient arbitrary basis for the remainder of the frame (for details, 
see [4], [10]). Then, the relations between Frenet-Serret frame and parallel transport frame for 











the curve a: I C RE’ are given as follows: 





N(s) = cos 6(s) cos w(s)M, + (— cos ¢(s) sin w(s) + sin ¢(s) sin A(s) cos b(s))Mo 
+(sin ¢(s) sin w(s) + cos ¢(s) sin @(s) cos w(s))Ms, 





B(s) = cos 6(s) sin b(s)M, + (cos 6(s) cos w(s) + sin d(s) sin 6(s) sin b(s)) Mo 
+(— sin ¢(s) cos w(s) + cos $(s) sin 0(s) sin p(s)) M3, 


E(s) = — sin 0(s)M, + sin ¢(s) cos 6(s) Mz + cos ¢(s) cos 0(s) M3. 


The parallel transport frame equations are expressed as [10] 


T! O° i. Be BS T 
M! -k 0 0 O M. 
ale ; li (2.8) 
M Ree Go FO Mp 
Mt ne a M3 


where k,,ko,k3 are curvature functions according to parallel transport frame of the curve a, 


and their expression as follows: 
ky, = ncos0(s) cos w(s), 
kz = k(— cos G(s) sin w(s) + sin d(s) sin (s) cos ~(s)), 


kz = «(sin 6(s) sin ~(s) + cos ¢(s) sin 6(s) cos w(s)), 
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where 


/ 6 JPW? og oF OF 
6! = p=-1T-o ga, 








? ’ 
Vee 4 72 Vee 472 cos 6 
and Frenet curvature functions are given as follows: 
6’ 


(3) = VF REFKE, 1(8)=-w +0/sin8, 9s) = 5. 


and 
d’ cos0 + 6’ cot y = 0, 


in terms of the invariants of parallel transport frame. 














§3. On k-Type Slant Helices Due to Bishop Frame in Euclidean 4-Space 


Definition 3.1 Let a = a(s) be a curve parametrized by arc-length with {T, M1, Mz, M3} a 
Bishop frame in E*. If there exists a non-zero constant vector field U in E* such that (M;,,U) 40 
is a constant for all s € I, where My = T, then a is said to be k—type (k € {0,1,2,3}) slant 


helix, and U is called axis of a. 


























Theorem 3.2 Let a =a(s) be a unit speed curve with non zero Bishop curvatures ky, kg, and 











kz due to Bishop frame in E*. There is no 0O—type slant helix (general helix) due to Bishop 


frame in E*. 


























Proof Let a = a(s) be 0—type slant helix in E* and the axis of the curve be U. Then, we 
have that 





(T,U) = c,(s) = constant (3.1) 
along the curve a. Differentiating (3.1) with respect to s and using Bishop frame, we know that 
ky (M1,U) + ke (M2, U) + ks (Mz, U) = 0, 


which implies that the unit vector U lies on the subspace spanned by {T} and therefore, it can 
be written as 
U =c,(s)T. (3.2) 


Differentiation of (3.2) gives 
ciki My + c1(s)koM2 + c1(s)k3M3 = 0. 
Since the vectors {M1, Mz, M3} are linearly independent, we have c, = 0 which yields 
U=0. (3.3) 


Since the result (3.3) contradicts with the definition of U, we claim that there is no 0—type 


slant helix (general helix) due to Bishop frame in E*. 
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Theorem 3.3 Let a = a(s) be a unit speed curve with non zero Bishop curvatures ky, k2, and 














k3 due to Bishop frame in E*. Then a is a 1—type slant helix if and only if the function 


k k 
ee (3.4) 
3 


is a constant, and cy = const. and c, = const. 











Proof Let a = a(s) be 1—type slant helix in E* and U be a fixed non-zero direction. Then 





we have 
(M,,U) = co(s),co(s) E R (3.5) 


along the curve a. Using (3.5) and Bishop frame formulae, we have 
—k, (T,U) =0, 


which implies that the unit vector U lies on the subspace spanned by {M1, Mz, M3} and it can 
be written as 
U = co(s)M, + a(s) Ma + 0(s) M3. (3.6) 


Differentiation of (3.6) gives 
(—cok1 — akg — bk3)T + a’ Me + b' M3 = 0. 
Since the vectors {T, Mz, M3} are linearly independent, we have 


—coky = akg = bk3 = 0, 


a’ = 0, (3.7) 
= 
From (3.7), we obtain 
a=c, b=-c Bee c a 
— Cl; —_ Ties 1 ks 


where c is constant. 


Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying (M1, U) =constant. 
We consider the axis as 





k k 
U=M,+ Mp2 (242) an, (3.8) 
kz kg 
Differentiating U with the help of (3.4) gives U' = 0. This means that U is a constant 








vector. As a result, a is a 1—type slant helix in E*. 




















Using Theorem 3.3, we have the following result. 


Corollary 3.4 Let a = a(s) be a 1—type slant helix with non zero Bishop curvatures ky, ko, 
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and kz due to Bishop frame in E*. Then the axes of a are obtained by 





k 
U=coM, t c1 M2 t ( Co 
k3 





ko 
Cl )Ms, 
k3 
where Co, c, are constants. 


Theorem 3.5 Let a= a(s) be a unit speed curve with non zero Bishop curvatures ky, k2, and 











k3 due to Bishop frame in E*.Then a is a 2—type slant helix if and only if the function 





kg ky 
—co— 


on 3.9 
ks eure ( ) 


is a constant, and cp = const. and c, = const. 











Proof Let a = a(s) be 2—type slant helix in E* and U be a fixed non-zero constant 





direction. Then we have 
(Mz,U) = co(s),co(s) E R (3.10) 


along the curve a. Differentiating (3.10) with respect to s and using Bishop frame, we have 
—k2 (T,U) =0, 


which implies that the unit vector U lies on the subspace spanned by {MM ,, Mz, M3} and can 
be decomposed as 
U = a(s)M, + co(s) M2 + 0(s) M3. (3.11) 


Differentiation of (3.11) gives 





( ak, coke bk3)T t a’ Mo t b' Ms; = 0. 
Since the vectors {T, Mz, M3} are linearly independent, we have 


—ak, = Cokg = bk3 = 0, 


a’ =0, (3.12) 
b =0. 
From (3.12), we obtain 
c b Cc he Cc a 
a= =—_— —_ — — 
1; 0 ky 1 ks’ 


where c; is constant. 


Conversely, if (3.9) holds, we can find a fixed non zero vector U satisfying (M1, U) =constant. 
We consider the axis as 


ko ik 
U=M,+M.+(—2+—) Msg. (3.13) 
kg kg 


Differentiating U with the help of (3.9) gives U’ = 0. This means that U is a constaant 
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vector. As a result, a is a 2—type slant helix in E 








Using Theorem 3.5, we have the following result. 


Corollary 3.6 Let a = a(s) be a 2—type slant helix with non zero Bishop curvatures ky, ko, 











and kz due to Bishop frame in E*. Then the axes of a are obtained by 





ko 
k3 





k 
U=cM,+cM2 4 ( Co ci) Ma, 


where co, Cc, are constants. 


Theorem 3.7 Let a =a(s) be a unit speed curve with non zero Bishop curvatures ky, kz, and 











k3 due to Bishop frame in E*. Then a is a 3—type slant helix if and only if the function 





ky kg 
-—c(— 


Sf 3.14 
by hy (3.14) 


is a constant, and co = const. and c, = const. 











Proof Let a = a(s) be 3—type slant helix in E* and U be a fixed non-zero direction. Then 





we have 
(M3,U) = co(s), co(s) € R (3.15) 


along the curve a. Using (3.15) and Bishop frame formulae, we have 
—ks (T,U) =0, 


which implies that the vector U lies on the subspace spanned by {M1, M2, M3} and can be 
written as 
U => a(s)M, + b(s) Mo + co(s)Ms3. (3.16) 


Differentiation of (3.16) gives 


( coky akg bk3)T t a’ Mz t b! M3 = 0. 





Since the vectors {T, Mz, M3} are linearly independent, we have 


—aky, ie bko a coks = 0, 


a’ =0, (3.17) 
= 
From (3.17), we obtain 
a=c b Cc Be C ks 
— Cl; 1 ko 0 ko’ 


where c; is constant. 
Conversely, if (3.4) holds, we can find a fixed non zero vector U satisfying (M1,U) =constant. 
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We consider the axis as 


vector. As a result, a is a 3—type slant helix in E 


ki ok 
U=M,+ (-z- 2) Mz + Ms. (3.18) 


Differentiating U with the help of (3.14) gives U’ = 0. This means that U is a constant 
4 


























From the above theorem, we have the following result. 


Corollary 3.8 Let a = a(s) be a 3—type slant helix with non zero Bishop curvatures ky, ke, 














and k3 due to Bishop frame in E*.Then the axes of a are obtained by 





k k; 
U=cM, t C1 i Co M2 t coMs, 
ko ko 


where Co, C, are constants. 


84. 


Conclusion 


The properties of k—type (k € {0, 1, 2,3}) slant helices with non-zero Bishop curvature functions 


with Bishop frame in 
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are obtained. General helix (0—type slant helix) that does not exist 

















according to Bishop frame in E* is given. All of slant helices are characterized in terms of 











Bishop curvatures in E‘ in this paper. 
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Abstract: Let U be a Lie ideal of a 2-torsion free prime [-ring M such that uau € U 
for alu € U anda ET. If T: M > M is an additive mapping satifying the relation 
T(uau) = T(u)au for all u € U and a € T, then we prove that T(uav) = T(u)av for all 


u,v €U anda €T. Also this result is extended to semiprime I-rings. 
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81. Introduction 


The concept of a gamma ring was presented as a generalization of the classical rings. This 
gamma ring was first introduced by Nobusawa [1] in 1964, which is currently known as T'y- 
ring. After two years it was more broadly generalized by Bernes [2] in the sense of Nobusawa 
[1], which is now known as the [-ring. It is shown that a T-ring need not be a ring, but a 
T-ring is more general than rings [1], and also that every I'y-ring is a T-ring [2]. From its 
beginning, the various important theories of the classical rings were extended and generalized 
to the theories of T'-rings [3,4]. Such theories have been attracted much international attentions 
aS an emerging areas of research to the modern algebraists to enrich the areas of algebras. 
Recently, many researchers determine a number of basic properties of I-rings with creative and 
productive remarkable results [5, 6, 7, 8, 9, 10, 11]. 

Borut Zalar [12] studied on centralizers of semiprime rings and shown that Jordan cen- 
tralizers and centralizers of this rings coincide. Using the concept of centralizers, Vukman 
[13,14] established a number of results on prime and semiprime rings. Such results and ideas 
have been extended to prime and semiprime [-rings in different aspects such as centralizers 
and 6-centralizers [7, 9, 11, 15, 16], Jordan centralizers and Jordan 6-centralizers [17,18] and 
centralizers with involutions [19]. 

The Lie ideals and Jordan derivations of prime rings was studied in [20, 21, 22, 23], and 





1Supported by University Grant Commission of Bangladesh. 
?Received October 11, 2019, Accepted March 4, 2020. 
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these works have been extended to Lie ideals of prime T-rings of Jordan derivations [8, 23, 24] 
and Jordan k-derivations [25]. In fact, a number of significant results of classical ring theories 
were developed in prime and semiprime T-rings with Lie ideals and Jordan structures [6,26]. 
However, the research on centralizers of prime and semiprime gamma rings with Lie ideals is 
still an unexplored area and it would be of interest to further works. Thus the aim of this 
article is to extend the results of [7] to the Lie ideals in prime and semiprime [-rings. 


§2. Preliminaries 


Let M and T be additive abelian groups. If there exists a mapping (a, a,b) + aab of M x T x 
M — M, which satisfies the conditions 


(i) aabe M; 

(it) (a + b)ac=aact+bac, a(a + B)c=aac+afc, aa(b + c)=aab+aac; 

(itt) (aab8c=aa(bBc) for all a,b,c € M anda, 6 ET, 
then M is called a T-ring. 

Let M be aI-ring. Then M is said to be prime if aT MT'b=(0) with a,b € M, implies a=0 
or b=0, and semiprime if a MT'a=(0) with a € M implies a=0. An additive subgroup U of M 
is said to be a Lie ideal of M if [u,a], € U for allue U,x € M anda €T. Furthermore, M is 
said to be commutative T-ring if aab=baa for all a,b € M and a € T. Moreover, the set Z7(M) 
={a€ M : aab = baa for all a € T,b € I} is called the centre of the I-ring M. 

If M is aT-ring, then [a, b],=aab— baa is known as the commutator of a and 6 with respect 
to a, where a,b € M anda €T. It has the basic commutator identities 


[aab, c]g = [a, c]gab + ala, 6]-b + aalb, cla, 








[a, bac], = [a, blac aS bla, Blac a bala, cls, 
for all a,b,c € M and a, 6 €T. One consider the following assumption [7], 
(CA) .< eadnerreeeces abBc = aBbac, 


for all a,b,c € M, and a, 8 € T, which will extensively use through the paper. According to 
the assumption (A), the above two identities reduce to 


[aab, c]g = [a, clgab + aalb, c],, 
[a, bac]g = [a, b]gac + bala, cg. 
For existence of such a T-ring M, we present the following example. 
Example 2.1([5], Example 1.1) Let R be an associative ring with the unity element 1. Let M = 
nl 


Mi 2(R) and T = :nis an integer >. Then M is a [-ring. A simple verification 


shows that M satisfies the assumption (A). 
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An additive mapping T : M — M is called a left (right) centralizer if T(aab) = T(a)ab 
(resp. T(aab) = aaT(b)) for alla,b € M anda €T. A centralizer is an additive mapping which 
is both a left and a right centralizer. For any fixed a € M and a €T, the mapping T(x) = aax 
is a left centralizer, and T(x) = xaa is a right centralizer. We shall restrict our attention on left 
centralizer, since all results of right centralizers are the same as left centralizers. An additive 
mapping T : M — M is Jordan left(right) centralizer if T(vax) = T(x)ax(T(xax) = raT(x)) 
for alla € M anda e€T. Every left centralizer is a Jordan left centralizer but the converse 
is not in general true. An additive mappings T : M — M is called a Jordan centralizer if 
T(xay + yar) = T(x)ay + yaT (x), for all x,y € M anda €T. Every centralizer is a Jordan 


centralizer but Jordan centralizer is not in general a centralizer. 


§3. Left Centralizers of Prime Gamma Rings 


Lemma 3.1 Let M be aT-ring and U a Lie ideal of M such that uau € U for allu € U and 
aél. IfT:M —>M is an additive mapping satisfying the relation T(uau) = T(u)au for all 
u€U anda eT, then 


(a) T(uav + vau) = T(u)av + T(v)au; 

(b) T(uavBu + uBvau) = T(u)avBu t+ T(u)Bvau; 
(c) T(uavBu) = T(u)avBu; 

(d) T(uavGw + wBvau) = T(ujavGw + T(w)Bvau, 


for allu,v,w EU anda, Bel. 


Proof By the definition of Lie ideal U, uau € U for allu€ U anda € T. Thus we have, 
uBv + vBu = (ut v)8(u+v) —uBu— vv €U for all u,v € U and 8 €T. Therefore 





T(uav + vau) =T((ut+ vja(u+v)) — T(uau) — T(vav) 
utvja(ut+v)—T(ujau — T(v)av 


ujau+ T(ujav+ T(vjau+ T(v)av — T(uja — T(v)av 





ujav + T(v)au. 


Hence 
T(uav + vau) = T(u)av + T(v)au. (3.1) 


Since uBv + vGu © U for all u,v € U and 8 ET, we replace v by uGv + vGu in relation 
(3.1), we obtain 


T(ua(uBv + vBu) + (uBu + vBu)au) = T(u)a(uBv + vBu) + T(uBv + vBujau 
=> T(uauBv + uavGu + uBvau + vBuau) = T(uja(uBu + vBu) + T(u)Bvau + T(v)Buau 
=> T(uavBu + uBvau) + T(uau) Bu + T(v)buau 
= T(ujaubv + T(ujavbu + T(u)Bvau + T(v)Buau 
=> T(uavGu t+ uBvau) = T(ujavBu + T(u)Bvau. (3.2) 
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Hence (b) proved. 
By using the assumption (A) in the above relation (3.2), we obtain 
2T(uavBu) = 2T(u)avBu. 
Thus for the 2-torsion freeness of M, we have 


T(uavBu) = T(u)avBu. (3.3) 











Putting u = u+ w in the relation (3.3), we obtain the result (d). 





Define Ba (u,v) = T(uwav)—T(u)av for all u,v € U anda €T. Then we have the following 


remarks and lemmas. 


Remark 3.1 It is clear that By(u, v) is an additive mapping such that By (u,v)+ Ba(v, u) = 0. 


Remark 3.2 It is also clear that T is a left centralizer if and only if Bya(u,v) = 0. 


Lemma 3.2 Let M be a 2-torsion free -ring and U be a Lie ideal of M such that uau € U for 
alluceU anda él. Iff:M > M is an additive mapping satisfying the relation T(uau) = 
T(u)au for allueU anda eT, then B,(u,v)Bwy[u, v]s =0 and [u, v]sBwyB(u,v) = 0. 


Proof First, we compute 
x = T(2(uav)Bwy2(vdu) + 2(vau) Bwy2(udv)) (3.4) 
in two different ways. Then using Lemma 3.1 (c) in (3.4), we have 
x =4T(u)avBwyvdu + 4T (v)auBbwyudv, (3.5) 
and using Lemma 3.1 (d) in (3.4), we have 
x = 4T(uav)Bwyvdu + 4T (vau)bwyudv. (3.6) 
Comparing (3.5) and (3.6), we obtain 


A{(T (wav) — T(ujav)Bwyvdu + (T(vau) — T(v)au)Bwyudv} = 0 
=> 4{B,(u,v)Bbwyvdut Ba(v, u)Bwyudv} = 0 
=> 4{B,(u,v)Bwyvdu — Ba(u,v)Bwyudv} = 0. 


Hence, we have 
4B,(u,v)bwy[u, 5 = 0. 
Therefore, by the semiprimeness of M, we obtain 


Balt, v)Bwy[u, v6 = 0 
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for allu,v,w €U anda,,y7,6 ET. 


Similarly, we can easily prove that 


[u, vjsbwyBa(u,v) = 0 











for allu,v,w € U anda,,7,6 ET. 





Lemma 3.3([8],Lemma 2) Let U Z Z(M) be a Lie ideal of a 2-torsion free prime T-ring M 
anda,b€ M such that aaUBb=0. Thena=0 or b=0. 


Lemma 3.3 Let U be a commutative Lie ideal of a 2-torsion free prime T-ring M. Then 
UCZ(M). 


Proof For u€ U,m€ M anda €T, we have [u,m]a € U. Since U is commutative, 
[u, [ 
[u, [u, cyylals = 0. By using (A), we have [u, ry[u, yla + [u,zleyvyle = 0, > [u, ry[u, ylala + 
[u, [u,zlayy]e = 0, > xy[u, [u, yale + [u, c]ay[u,yla + [u, tlaylu,yle + [u,[u,zlalavy = 9, 
=> [u, z]ey[u, ya + [u, tlaylu, ylg = 0. After some calculation and using the assumption (A), 


u,Ma]g = 0 for all 8 € T. Now for 2,y € M and y €T, replace xyy for m, we obtain 


we have 2[u, t]ay[u, y]g = 0. Since M is 2-torsion free, thus [u, z]ay[u, y]a = 0. 
Putting y by ydm for all m € M, we have [u, t]ay[u, ydm]g = 0. This implies [u, x],yyd[u,m]g+ 
[u, t]eylu,yladm = 0, => [u,zlayyd[u,m]g = 0. Hence by primeness of M, [u,z]_ = 0 or 
[u, m]g = 0. If [u, 2] =0, then U C Z(M) and if [u, m]g = 0, then also U C Z(M). 














Theorem 3.1 Let U be a Lie ideal of a 2-torsion free prime T-ring M such that uau € U for 
allueéU andaeél. Iff:M —- M is an additive mapping such that T(uau) = T(u)au for 
allu€ U anda el, then T(uav) = T(u)av for allu,v € U anda el. 


Proof If U is a commutative Lie ideal of M, then by Lemma 3.4, U C Z(M). Therefore, 
by Lemma 3.1(d), we have 


T(uavBw + wBvau) = T(u)av8w + T(w)Bvau. (3.7) 
Since U is commutative, we have wav = vau. Therefore 
T((uav) bw + wB(uav)) = T(uav) bw + T(w) Guar. (3.8) 


Comparing (3.7) and (3.8), and using wav = vau, we obtain 


which yields that Ga(u,v)8w = 0. Since w € U, [w,m], € U for all m € M and y € 
I. Replacing w by [w,m],, we obtain Ga(u,v)8[w,m], = 0. This implies Ga(u, v)Bwym — 
G.(u,v)8myw = 0. Hence the relation becomes Gy(u,v)8myw = 0 for all u,v,w EU, me M 
and a, B,y € T. Since U 4 0, in view of the Lemma 3.3, Ga(u,v) = 0. 


If U is not commutative, then U Z Z(M). In this case, we have from Lemma 3.2, 
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Ba(u,v)bwyl[u, vls = 0. Putting u = u+e2 for all u € U, we have (Ba(u, v)+Ba(@, v)) bwy((u, vle+ 
[z,v]s) =0. This implies B,(u, v)Swy|x, v]s + Ba(x,v)Bwy[u, v]s = 0. 
Now, 


Ba(u, v)bwy|z, v]spzyBa(u, v)Bwy[x, v]s 
= —Ba(u, v)wylz, vjsuzyBa(z, v)Bwylu, v]5 =0. 


Therefore, by Lemma 3.3, we have Ba(u,v)Gwy|x,vJ]s = 0 for all « € U. Similarly, using 
v=v+y, we obtain By(u,v)bwy|[x,y]s = 0 for all y €¢ U. And by Lemma 3.3, we obtain 
Ba(u,v) = 0 or [x, y]s = 0. If [x, y]s = 0, then U is commutative which shows a contradiction 
that U Z Z(M). Therefore Ba (u,v) = 0. 














Corollary 3.1 Let M be a 2-torsion free prime T-ring and T : M + M be a Jordan left 


centralizer. Then T is a left centralizer. 


§4. Left Centralizers of Semiprime Gamma Rings 


Lemma 4.1 Let U be a commutative Lie ideal of a 2-torsion free semiprime T-ring M. Then 
UCZ(M). 


Proof For u € U and a € M, we have [u,|[u,zlala = 0. Repacing « = xyy, we 

= 0, > [u, tle, Ya + 

ry(u, [u, Ylala + lu, [u,tlalovy + [u,tlaylu,yla = 0, > [u,t]aylu,yla + [u, z]ay[u,yla = 9, 
Le., 2[u, z]ay[u, yla = 0. Hence by 2-torsion freeness, we have [u, z]ay[u, yl = 0. Replacing y 


have [u,[u,ryylala = 0. This implies [u,ry[u,yla + [u,zlayyla 


by ydx, we have [u, z]ay[u, yor]a = 0. This implies, [u, z]ay[u, yladz + [u, tlayyd[u, Z]a = 0, 
that is, [u, z]ayyolu, t]4 = 0 for all y € M. Since M is semiprime, [u, 2], = 0, which shows 
that U € Z(M). 














Lemma 4.2 Let U be a Lie ideal of a 2-torsion free T-ring M satisfying the assumption 
(A), then T(UU) = {x € M: [x,M]r C U} is both a subring and a Lie ideal of M such that 
UCT(M). 


Proof Since U is a Lie ideal of M, so we have [U, M]p C U. Thus U C T(U). Also, we 
have [T(U), M]p CU C T(U). Hence T(U) is a Lie ideal of M. 

Suppose that z,y € T(U), then [a,m]q € U and [y,m]q € U, for allm € M andaeTY. 

Now, [ray,m]g = zaly, mg + [z,m]gay € U. Hence [zay, mg € U, for all z,y € T(U), 
meéM anda,8€T. Therefore, ray € T(U). 














Lemma 4.3 Let U Z Z(M) be a Lie ideal of a 2-torsion free semiprime T-ring M. Then there 
exists a nonzero ideal K = MT[U,U]rI'M of M generated by [|U,U|r such that [K, M|p CU. 


Proof First, we have to prove that if [U,U]rp = 0, then U C Z(M). Let [U,U]r = 0. 
Then for alla € U, a € T, we have [u, [u,z]ala = 0 for all 2 € M. Then using the proof 
of Lemma 4.1, we obtain U C Z(M), which is a contradiction. Thus, let [U,U]r 4 0. Then 
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K = MIT[U,U|rI'M is a nonzero ideal of M generated by [U,U]r. Let z,y € U, me M 
and a, 8 €T, we have [2,y8mla,y,[t,mlq € UC T(U). Hence by Lemma 4.2, [2,y]o8m = 
[z, yBMq | yBlz, Ma € TU). 


Also, we can show that mz, y|a € T(U) and therefore, we obtain [[U, U]p, M]p C U. That 
is, [[[[z, y]a, Mla, Sla; tla € U for allm,s,t € Manda €T. Hence [[z, yl~amas—ma|[z, y]aas+ 
[s,Maa[x, yla — [salx,yla,Ma,tla € T(U). Since [x, ylaamas, salx,yla, [s,mlaalx,yla € 
T(U). Thus, [mals, ylaas, tla € U for all m,s,t € M anda €T. Hence [K, M]p CU. 














Lemma 4.4 Let U Z Z(M) be a Lie ideal of a 2-torsion free semiprme T-ring M and a € 
U. If aaUBa = {0} for alla,8 € T, then aaa = 0 and there exists a nonzero ideal K = 
MT[U,U]|r0'M of M generated by [U,U]p such that [K, M]p CU and KTa=alK = {0}. 


Proof If aaU 8a = {0} for all a, 8 € T, then aa[a, adm]_f8a = 0 for all me M andéo eT. 
Therefore, 


0 =aa(aaadm — admaa)Ba 
= aaaaadmPa — aaadmaafba 


= aaadaamPa — aaadmBaaa 


Since aaada = 0, we have (aaa)dm(aaa) = 0 and hence aaa = 0 for semiprimeness of M. 





Now, we obtain aa[kya, m],Guaa = 0 for alk e K, me M,ueU anda,f,¢T. Therefore 


0 =aa(kyaym — mpkya) Buca 
= aakyapmBbuaa — aampkyaBbuaa 


= aakyapmPuaa 


Thus, we have aakyaum{[k, a]yaa = 0. This implies that aakyaumB (kya — ayk)aa = 0 and 
hence aakyaumBbkyaaa — aakyaumBaykaa = 0. Hence by using (A) and aaa = 0, we have 
(aakya)umB(aakya) = 0. Hence aakya = 0 for semiprimeness of MM. Thus we find that 
(aak) TMT (aak) = 0. Hence aak = 0 for all k € K, that is, aak = {0}. Similarly, we have 
Kaa = {0}. 














Lemma 4.5 Let U Z Z(M) be a Lie ideal of a 2-torsion free semiprme T-ring M and a,b € U 
anda,BeT. 


(i) IfaaUBa = {0}, then a = 0; 
(it) If aaU = {0} (Uaa = {0}), then a = 0; 


(iit) If uau € U for allu € U and aaU Bb = {0}, then aab = 0 and baa = 0 for alla ET. 


Proof (i) By Lemma 4.4, we have Kaa = MT[U,U]rl! Maa = {0} and aaa = 0 for all 


Left Centralizers on Lie Ideals in Prime and Semiprime Gamma Rings 17 


a €T. Thus for all z,y € M anda, €T, we have 


0 = [la,2]a, a],,Byaa 
= [aaxz — xaa, al,8yoa 
= aaq|z, al,Gyaa — |x, a],aaByaa 
= aaxryaBbyaa — aaayxByaa — xcyaaaByaa + ayxaaByaa 
= aaxryaByaa + ayxaabyaa 


= 2aaxyaCyaa. 


By the 2-torsion freeness of WM, we have, aaxyaGyaa = 0. Hence, we obtain aaxyaByaadxrya = 
0. By using the assumption (A), we have (aaxzya)Gyd(aaxya) = 0 for all y € M. This implies 
(aaxya)3M6(aaxya) = 0. Hence, by semiprimeness of M, we have aaxya = 0 for all « ¢ M 
and a,y € T. Again, by semiprimeness of M, we obtain a = 0. 


(it) If aaU = {0}, then aaU Ba = {0} for all 6 € T. Thus, by (i), we have a = 0. Semilarly, 
if Vaa = {0}, then a = 0. 

(itt) If aaU Bb = {0}, then we have (bya)aUG(bya) = {0} and hence, by (i), bya = 0, for 
all y € T. Also, (ayb)aU B(ayb) = {0} if aaV Bb = {0} and hence ayb = 0. 














Theorem 4.1 Let U Z Z(M) be a Lie ideal of a 2-torsion free semiprime T-ring such that 
uau €U foralluceU anda€el. If: M—- M be an additive mapping satisfying the relation 
T(uau) = T(u)au for allu€ U anda €T, then T(uav) = T(u)av for allu,v € U anda eT’. 


Proof Since U Z Z(M), we have from Lemma 3.2, 
Ba(u,v)Bwylu, Js =0 
By linearing u, we obtain 
Ba(u,v)bwyl[a,vls + Bala, v) Gbwylu,v]s =0 
for all « € U. Now, 


Ba (u,v) Bwy|2, v]suzvBa(u, v)Bwy(x, v]5 
= —B, (u,v) Bwy[z, v]suzvBa(a, v) Bwy|u, vs 
= 0 


for all z € U. Hence, by Lemma 4.5(7), 
Balu, v)bwy|a,vls =0. 
Similarly, linearizing v, we obtain 


Ba(u,v)bwy|z,yls = 0. 
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for all y € U. Hence the similar proof of the Theorem 2.1 in [7], we obtain the required result. 














Corollary 4.1 Let M be a 2-torsion free semiprime T-ring and T : M — M be a Jordan left 


centralizer. Then T is a left centralizer. 
Example 4.1 Let R be a commutative ring with a unity element 1 having the characteristic 2. 


nl 
Let M = M,2(R) and T = :n € Z,n is not divisible by 2 p>. Then M is a [-ring. 
nl 


Let N={(a,2):c€E€ RE CM. 


Now for all (%,x) € N, (a,b) € M and = €T, we have 


(e,2){ ” | (a,b)—(a,8)( ” | (2) 


n n 
= (xna — bnz, rnb — ana) 
= (ana — 2bnx + bna, bnx — 2anx + xna) 
ail 


xna + bna, bnaz + ana) € N. 


Therefore, N is a Lie ideal of M. 
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Abstract: In this paper, we studied the ruled surface generated by a straight line in parallel 
transport frame moving along a curve in four dimensional Euclidean space and we obtained 
Gaussian and mean curvatures. Some results and theorems related to be developable and 


Chen surfaces were given. As a result we gave a special example of ruled surfaces in E’*. 
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§1. Introduction 


Differential geometry of ruled surfaces has been studied in classical geometry using various 
approaches (see [11] and [15]). They have also been studied in kinematics by many investigators 
based primarily on line geometry (see [4], [20] and [21]). Developable surfaces are special ruled 
surfaces [14]. On the motion of the Frenet vectors and ruled surfaces in the Minkowski 3- space 
have been investigated and developable ruled surfaces are given for the special cases in [22]: 
Later ruled surfaces in the Minkowski 3-space according to Bishop frame has been studied in 
[23]. 

The study of ruled hypersurfaces in higher dimensions have also been studied by many 
authors (see, e.g. [1]). Although ruled hypersurfaces have singularities, in general there have 
been very few studies of ruled anaes with singularities [13]. The 2-ruled hypersurfaces 


in E* is a oneparameter family of planes in E*, which is a generation of ruled surfaces in E® (see 






































[19]). In 1936 Plass studied ruled surfaces imbedded in a Euclidean space of four dimensions. 
Curvature properties of the surface are investigated with respect to the variation of normal 


vectors and a curvature conic along a generator of the surface [17]. A theory of ruled surface 














in E* was developed by T. Otsuiki and K. Shiohamain [16]. Afterwards Superconformal ruled 














surfaces in E+ have been investigated by Bayram et all (see [2]). The authors agree to the terms 
of this Copyright Notice, which will apply to this submission if and when it is published by 
this journal (comments to the editor can be added below). The Frenet frame is constructed 
for the curve of 3 -time continuously differentiable non-degenerate curves. But, curvature may 
vanish at some points on the curve. That is, second derivative of the curve may be zero. In 
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this situation, we need an alternative frame in E?. Therefore In [3], Bishop defined a new frame 
for a curve and he called it Bishop frame which is well defined even if the curve has vanishing 
second derivative in 3 dimensional Euclidean space. 

The advantages of the Bishop frame and the comparable Bishop frame with the Frenet 
frame in Euclidean 3 space was given by Bishop [3] and Hanson [10]. In Euclidean 4-space E*, 
we have the same problem for a curve like being in Euclidean 3 space. That is, one of the ith 














(1 <i < 4) derivative of the curve may be zero. In this situation, we need an alternative frame. 
So, Using the similar idea, Gokcelik et all. Considered such curves and construct an alternative 
frame [9]. They gave parallel transport frame of a curve and introduced the relations between 


the frame and Frenet frame of the curve in 4 dimensional Euclidean space. 


In this paper, using the method in a paper of Yiiksel [23], we obtained some characterization 


for ruled surfaces according to parallel transport frame in 4-dimensional Euclidean space. 


§2. Basic Concepts 


A normal vector field V(s) which is perpendicular to its tangent vector field T'(s) said to be 
relatively parallel vector field if its derivative is tangential along the curve a(s). For a given 
curve if T(s) is given unique, we choose any convenient arbitrary basis which consist of relatively 
parallel vector field {M!1(s),M2(s), M3(s)} of the frame, they are perpendicular to T(s) at each 
point [9]. 




















Let a: I + RC E* be arbitrary curve in the Euclidean 4-space E*. Recall that the 








curve a(s) is parameterized by arclength function s if (a’(s), a’(s)) = 1, where ( , ) is the inner 











product of E* given by 





(X,Y) = 21y1 + Loy2 + w3y3 + Lays 





74 








for each X = (#1,%2,%3,%4), Y = (yi, y2,y3,y4) © In particular, the norm of a vector 
X € E* is given by ||X|| = /(X,X). Let {7,N,B,, Bo} be the moving Frenet frame along 
the unit speed curve a. Then T,N,B, and Bz are the tangent, the principal normal, first 

















and second binormal vectors of the curve, respectively. If it is a space curve, then this set of 


orthogonal unit vectors, known as the Frenet-Serret frame, has the following properties 


T' 0 « 0 0 is 
N' =. | ee rT 0 N 
Bel | 0 -r 0 o ||] B, 
Bi 0 0 -c 0] | B 


where, k,7 and o denote principal curvature functions according to Serret- Frenet frame of 
the curve a, respectively. We use the tangent vector T(s) and three relatively parallel vector 
fields Mi(s), M2(s) and M3(s) to construct an alternative frame. We call this frame a parallel 
transport frame along the curve a. The reason for the name parallel transport frame is because 
the normal component of the derivatives of the normal vector field is zero. We shall call the set 
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{T, MM), M2, M3} as parallel transport frame and 
ky = (T’, M1), ko = (T", Mo), kg = (T’, M3) 


as parallel transport curvatures. Parallel transport frame of a curve and the relations between 
the frame and Frenet frame of the curve in 4 dimensional Euclidean space using the Euler angles 
are given as follow. 








Theorem 2.1((9]) Let {T, N, Bi, Bo} be a Frenet frame along a unit speed curvea: I + RCE‘ 
and {T, M,, Mz, M3} denotes the parallel transport frame of the curve a. The relation may be 








expressed as 





T = T(s), 
N = cos6(s)cosw(s)M, + (—cos G(s) sin w(s) + sin é(s) sin @(s) cos v(s))Mo 
+(sin ¢(s) sin W(s) + cos ¢(s) sin 6(s) cos W(s))Ms, 
B, = cos6(s)sinw(s)M, + (cos¢(s) cos i)(s) + sin ¢(s) sin 6(s) sin d(s)) Mo 
+(— sin ¢(s) cos ~(s) + cos ¢(s) sin 0(s) sin 2(s)) Mz, 
By = -—sin0(s)M, + sin ¢(s) cos 6(s)M2 + cos ¢(s) cos A(s) M3. 


The alternative parallel frame equations are 


7 0 ky ko ks il 
Mi |_|-m 0 0 0 My, a) 
M -ky 0 0 0 Mp 
Mi} Sha OO 0 M3 


where k,,ko,k3 are principal curvature functions according to parallel transport frame of the 


curve a and their expression as follows 














ky = K«cos@(s)cosw(s), 
kg = «#(—cos¢(s) sinw(s) + sin d(s) sin @(s) cos w(s)), 
kz = «(sin d(s) sin a(s) + cos d(s) sin @(s) cos y(s)), 
where 
hs o he o7—- a? — 62 
Be ore was T iret cos 0 


and the following equalities hold 


K(s) = ki + ko + ki, 
T(s) =v’ 4+ ¢’sind, 
a(s) = x25. 


§ion cos 6(s) + 6 cot y = 0. 
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§3. Ruled Surfaces in E* According to Parallel Transport Frame 





























Let M be a smooth surface in E* given with the patch X(u,v) : (u,v) € DC E?. The tangent 
space to M at an arbitrary point p = (u,v) of M span {X,,Xv}. In the chart (u,v) the 
coefficients of the first fundamental form of M are given by 


f= (Xu, Xu) ; P= (Xu, Xv), G= (Xy, Xv) , 


where ( , ) is the Euclidean inner product. We assume that g = EG — F? # 0, i-e., the surface 
patch X(u,v) is regular. 














A ruled surface M in a Euclidean space of four dimension E* may be considered as generated 


by a vector moving along a curve. If the curve C' is represented by 


a(u) = (filu), flu), fa(u), fa(u)) 


and the moving vector by 


B(u) = (91(u), 92(u), 93(u), ga(u)), 


where the functions of the parameter u sufficiently regular to permit differentiation as may be 
required, of any point p on the surface, with the coordinates X;, will be given by 


M: X;j(u,v) =a(u) + v8 (u), (3) 


where if 6(u) is a unit vector (ie. (6,3) = 1), v is the distance of p from the curve C in the 
positive direction of 6(u). Curve C is called directrix of the surface and vector $(u) is the 
rulling of generators [18]. If all the vectors 6(u) are moved to the same point, they form a cone 
which cuts a unit hypersphere on the origin in a curve. This cone is called a director-cone of 
the surface. From now on we assume that a(u) is a unit speed curve and (a’(u), 8(u)) = 0. 











Proposition 3.1 ([2]) Let M be a ruled surface in E* given with parametrization (3). Then 





the Gaussian curvature of M at point p is 


K= -* { (ens Xa) == (Xam Xu)" | (4) 











Proposition 3.2([2]) Let M be a ruled surface in E* given with parametrization (3). Then the 





mean curvature of M at point p is 


1 (Xuus Xuu) a z (Xo ae 


eo) (Xuv, Xu) (Xu, Aa (Xu, Xv) 


For a vanishing mean curvature of M, we have the following result of ([17], page 17). 




















Corollary 3.3({17]) The only minimal surfaces in E* are those of E°, namely the right helicoid. 
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In [5], B.Y. Chen defined the allied vector field a(v) of a normal vector field v. In particular, 
the allied mean curvature vector field is orthogonal to H. Further, B.Y. Chen defined the A- 
surface to be the surfaces for which a(H) vanishes identically. Such surfaces are also called Chen 
surfaces [7]. The class of Chen surfaces contains all minimal and pseudo-umbilical surfaces, and 


also all surfaces for which dimN, < 1, in particular all hypersurfaces. These Chen surfaces are 














said to be trivial A-surfaces [8]. In [18], B. Rouxel considered ruled Chen surfaces in E”. For 
more details, see also [6] and [12]. 











Theorem 3.4([19]) A ruled surface in E” (n > 3) is a Chen surface if and only if it is one of 


the following surfaces: 





(i) a developable ruled surface; 











(it) a ruled surface generated by the n-th vector of the Frenet frame of a curve in E” with 





constant (n — 1)-st curvature; 


(itt) a “helicoid” with a constant distribution parameter. 











3.1 One Parameter Spatial Motion in E 





Let a: I > E* be a unit speed curve and {T, M1, M2, M3} g be its parallel transport frame 
where {T, M1, Mo, M3} are the tangent, principal normal, first binormal, second binormal 
vectors of the curve a, respectively. The two coordinate systems {O;T,M,, M2, M3} and 











{O’; 1, 2, €3, e4} are orthogonal coordinate systems in E+ which represent the moving space H 





and the fixed space H’ respectively. 


Let A be a unit vector 
Ae Sp{T, My, Mo, M3} and A=a,T+a.M, + a3Mz + a4M3 
such that 
(A, A) =1 


We can obtain the Gaussian curvature of the ruled surface generated by a straight line A 
of the moving space H. The tangent space to M at an arbitrary point P = X(u,v) of M is 
spanned by 

Xy =a'(u) + vp"(u), Xy = Blu). 


Further, the coefficient of the first fundamental form becomes 


E = (Xy,Xu) = (1—v (agki + agke + aaks))” + v2a? (k? + k2 + B32), 
Fo= (Xu, Xv) = a1, 
G = (X,,X,)=1 


and 
g = EG — F? = (1— 0 (agky + agke + agkg))? + af (uv? (k? + kB +3) — 1). 
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Hence, taking into account (4), the Gauss curvature is an obtain as follow. 


where 


WwW, = [aah + agke + asks)” + ain? [a —vV (agky + agk + aaks))” fs varn?| 





2 
Tr (agky t agke t aaks3) + U ((aok + a3kg + asks)” + ain?) 
Wo = (1 SU) (agky + agk + aaks))° 
+a? (v7? = 1) (a i) (agky + agky + aaks))” + vain”) 5 





3.2 Special Cases 


Let M be a ruled surface given by the parametrization (3) and A be the director vector of the 


base curve a. 


3.2.1 The Case A=T 





In this case, a, = 1, ag = a3 = a4 = 0. Thus, from (6) we obtain Gaussian curvature as follows 





1 


BS Sagat) 


Hence the following corollary is hold. 











Corollary 3.5 According to the parallel transport frame in E4 there is no developable ruled 





surface. 


3.2.2 The Case A= M, 








In this case, ag = 1, a; = a3 = a4 = 0. Thus, from (6) 
Ree SS. 


1 


Hence the following theorem is hold. 


Theorem 3.6 During the one-parameter spatial motion H/H"' the ruled surface in the fixed 


space H' generated by the M, line of the curve a(s) in the moving space H is developable. 


We have the following result of Theorem 3.4. 


Corollary 3.7 During the one-parameter spatial motion H/H' the ruled surface in the fixed 


space H' generated by the M, line of the curve a(s) in the moving space H is Chen surface. 


3.2.3. The Case A = Mp 
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In this case, ag = 1, a; = ag = a4 = 0. Thus, from (6) 





Kyu, = 0. 


2 


Hence the following theorem is hold. 


Theorem 3.8 During the one-parameter spatial motion H/H' the ruled surface in the fixed 


space H' generated by the Mg line of the curve a(s) in the moving space H is developable. 


We have the following result of Theorem 3.4. 


Corollary 3.9 During the one-parameter spatial motion H/H’' the ruled surface in the fixed 


space H' generated by the Mz line of the curve a(s) in the moving space H is Chen surface. 


3.2.4 The Case A= M3 





In this case, a4 = 1, ay = ag = a3 = 0. Thus, from (6) 





Km, = 0. 


Hence the following theorem is hold. 


Theorem 3.10 During the one -parameter spatial motion H/H' the ruled surface in the fixed 
space H’ generated by the M3 line of the curve a(s) in the moving space H is developable. 


We have the following result of Theorem 3.4. 


Corollary 3.11 During the one-parameter spatial motion H/H"' the ruled surface in the fixed 


space H' generated by the M3 line of the curve a(s) in the moving space H is Chen surface. 


3.2.5 The Case A € Sp{T(u), Mi(u)} 


In this case, a3 = a4 = 0. So, the director vector A is given by 
A=aT+a.M, at + a3 =<; 


In this case, Gauss Curvature of the ruled surface is given by 


Ww}? 
ame 7c 
where, 
Wr = —(azki + apn’) [a — vagk,)? + vain?| + [—agk, + v (agky + a2K?)]? 


We = (a <a a (v7K? — 1)) (a anki) va?x?) : 
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The ruled surfaces is developable if and only if K.4 = 0. Thus, 
— (a3k? + ajK’) l(a — vazk\)? + vazn] + [—agk, + v (a3ky + a2n?)]° =0 


or 


2,2 
ajk =0, 


which implies that a; = 0 because of « 4 0. However, if a; = 0, this is the case of A = Mj. 


3.2.6 The Case A € Sp{T(u), M2(u)} 


In this case, ag = a4 = 0. So, the director vector A is given by 
A=a0T +a3M2, a? + a3 =1. 


In this case, Gauss Curvature of the ruled surface is given by 


we 
Ka = we” 
where, 
we = - (a3k3 + ajK”) [a - vagk2)* + vatn?| + [—azke +4u (a3k3 + a2K?)|? 
wy = (a — vagkz)” + a2 (v7K? — 1)) (( — vagke)* + vain?) ; 


The ruled surfaces is developable if and only if kK, = 0. Thus 
— (a3k3 + ajK’) l(a = vagko)? + vazn] + [—agky + v (a3k3 + an)]” =0 


or 


2,2 
ajk =0, 


which implies that a, = 0 because of « 4 0. However, if ay = 0, this is the case of A = Mg. 


3.2.7 The Case A € Sp{T(u), M3(u)} 


In this case, ag = a3 = 0. So, the director vector A is given by 
A=a,;T +a4M3, ae + aa —l2 


In this case, Gauss Curvature of the ruled surface is given by 


14 
Wi 


Mas We 
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where, 
Wit = — (aqk3? + afr”) [a — vask3)* + vazn| + [-aaks + v (akg + a2n2)]° 
wit = (a — vaasks3)” + a? (v?K? — 1)) (a — vasks)” + vain?) : 


The ruled surfaces is developable if and only if kK. = 0. Thus 
— (ajk3? + atK’) la — vagk3)? + vatn?| + [-aaks + v (agk3 + a2K?)|? =0 


or 

in =O; 
which implies that a; = 0 because of « 4 0. However, if a; = 0, this is the case of A = Ms. 
3.2.8 The Cases A © Sp{Mi(u), Mo2(u)} (1) Sp{Mi(u), M3(u)} 1) Sp{Mo(u), M3(u)} 


In this cases, the Gauss curvatures are zero. Hence the ruled surfaces generated by A € 
Sip{ Mi (u), Mo(u)}, A € Sp{Mi(u), M3(u)} and A € Sp{M2(u), M3(u)} Bishop vectors respec- 
tively are developable. 


3.2.9 The Case A € Sp{T(u), Mi(u), Mo(u)} 


In this cases, aq is zero. So, the director vector A is given by 
A=a,T +a.M, +03Mo, ai + a2 + a2 =<, 


In this case, 





wi 
Ka = Wwe 
where, 
wi? = - [(aak + agk2)” + ain] [a — v (agky + agke))* + vain?| 
2, 2,2\]? 
t (agky t agkz) t v ((aaky + ash) + ayk )| 
wi; = (( —v(agk, + a3kz))” + a? (v?K? — 1)) (( — v (agk; + a3k2))? + vajn?) : 


The ruled surfaces is developable if and only if kK. = 0. Thus 
= [(aak + agka)” + ain? l(a =U (agky + agke))° + vatn?| 
2 
+ [- (agky + agk2) +U ((aak + a3k)” + ain?)| =0 


or 


which implies that a; = 0 because of k 4 0. However, if a, = 0, this is the case of A € 
Sp{Mi(u), M2(u)}. 
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3.2.10 The Case A € Sp{T(u), Mi(u), M3(u)} 


In this cases, a3 is zero. So, the director vector A is given by 
A=a,T +a.M, +4a4Ms3, ay + a3 + ai = 1. 


In this case, 





wi 
Ka p= wr 
where, 
wi* = — [(aak + asks)” + ain? [a — v (agky + aakg))* + vatn?| 
2B \]* 
(agk, + agk3) 4 v ((aaky + asks) + ajK )| 
wi7* = (( — v (agk; + aaks))” + a? (v74? — 1)) (a — vu (agky + agkg))” + vajn®) : 


The ruled surfaces is developable if and only if kK.4 = 0. Thus 
- [(aak + agk3)” + ain? l(a — v (agky + aakg))* + vatn?| 
2 
+ [- (agky + aak3) +0 ((aakr + asks)” + ain?) =0 


or 


which implies that a; = 0 because of k 4 0. However, if a, = 0, this is the case of A € 
Sp{Mi(u), Ms(u)}. 


3.2.11 The Case A € Sp{T(u), Mo(u), M3(u)} 


In this cases, az is zero. So, the director vector A is given by 
A=a,T +a3M2 + a4M3, ar + as + ax = 1, 


In this case, 


w}4 
Ka= wee 
where, 
wi = - [(aske + aak3)? + ain] [a —v (agk2 + aaks))* + Pain| 





| (agkg + asks) 4 v ((aske + aaks)? + a3n?) | 


Wer ss (a — v (agky + agkg))” + a? (v?K? — 1)) (a — v (a3k + agk3))* + vain”) ’ 


30 Esra Damar, Nural Yiiksel and Murat Kemal Karacan 


The ruled surfaces is developable if and only if K.4 = 0. Thus 
- (ashe + aaks)” + ain? l(a —v(agkg + ask3))* + va?n?| 
2 
+ [- (agk2 + asks) + Vv ((aske + asks)? + ain?) — 0 


or 


229% 4 
ajK” = 0, 


which implies that a; = 0 because of k 4 0. However, if a; = 0, this is the case of A € 
Sp{M2(u), Ms(u)}. 


3.2.12 The Case A € Sp{Mi(u), Mo(u), M3(u)} 


In this cases, a; is zero. So, the director vector A is given by 
A= a2M, + 43M. + a4Ms3, ag t+az+ai=1. 


In this case, 


Wee 
Ka => W234? 
where, 
wet => - (agky + agkg + asks)” (1 —v (agky + agko + aks)? 


2 
+ [- (agky + agkog+ aaks) +u (agky + agkg + asks)” 


I 


w3*4 (1 — Uv (agky + a3ka + agk3))? (1 bla 6) (agky + a3kg + agk3))? e 


The ruled surfaces is developable if and only if K.4 = 0. Hence the following theorem is 
hold. 


Theorem 3.12 During the one-parameter spatial motion H/H"' the ruled surface in the fixed 
space H’ generated by A € Sp{Mj(u), M2(u), M3(u)} line of the curve a(s) in the moving space 
HT is developable. 


We have the following result of Theorem 3.4. 


Corollary 3.13 During the one-parameter spatial motion H/H’ the ruled surface in the fixed 
space H’ generated by A € Sp{M,(u), Mo(u), M3(u)} line of the curve a(s) in the moving space 
HT is Chen surface. 














Example 3.14 Let a be a smooth closed regular curve in E4 given by the arclength param- 
eter with curvatures ki, k2,k3 and the parallel transport frame {T,N,, No, N3}. The parallel 
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transport equation of a@ are given as follows: 


T’ =kiM, + koMe + k3M3 


Mi = -kT 
Mi = —keT 
Ms = —k3T 


Let a be a curve as above and consider the ruled surface 
M,; = X(u,v) =a(u) +N, += 1,2,3. (7) 


Then, by using of (1) it is easy to calculate that mean curvatures of these surfaces. See Table 
1 for details. 


























Surface Mean Curvature (H) 
M, ks + kg 
A4(1 — vky)? 
ki + kg 
M. 1 3 
: 4(1 — vk2)? 
ki + kg 
M. 1 2 
: 4(1 — vk3)? 
Table 1 


Hence following results are obtained. 











Corollary 3.15 Let a be a smooth closed regular curve in E*, and let M,,M2, M3 be ruled 





surfaces given by the parametrization (7). In that case there is no minimal surfaces among the 
surfaces of My, M2, M3. 
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§1. Introduction 


Digraph Structure Let V be a non-empty set and 5), $2,--- ,S, are relations on V which 
are mutually disjoint, then G’ = (V,$1,52,--- , Sn) is a digraph structure. In addition, if 
S,S2,--+ ,S_ are symmetric and irreflexive, then G’ = (V, $1, S2,--+ ,.S%) is a graph structure, 
see [2] for details. 

Let G be a group and S$}, S9,--- ,S, be mutually disjoint subsets of G. Then the Cayley 
digraph structure of G with respect to $1,59,--- ,S, is defined as the graph structure X = 
(G; E,, E2,--- , En), where E; = {(x,y) : a~ty € S;} [1]. In case, a digraph structure with only 
one connection set is the usual Cayley digraph. So a Cayley digraph structure is a generalization 
of the Cayley digraph. 


Fuzzy Digraph Structure Let G’ = (V,Sj,S2,---,S,) be a graph (digraph) structure 
and 1,1, P2,°:: ,Pr be fuzzy subsets of V,S1, S2,--- ,S, respectively such that p;(a,y) < 
u(x) A p(y), for all z,y € V andi = 1,2,--- ,k. Then G = (p, p1, po,--: , pe) is a fuzzy graph 
(digraph) structure of G’ [8], such that p;(x,y) < u(x)Apu(y), for alla,y € V andi =1,2,--- ,n. 
Then G = (11, P1, P2,°-* , Pn) is a fuzzy digraph structure of G’. 

Let V be a non-empty set, jz be fuzzy subset of V and Ry, Ro,..., Ry» be mutually disjoint 
fuzzy relations on wp. Then G = (pw, Ri, Ro,--- , Ry) is a fuzzy digraph structure on V. In 
case ) = xv, where yy is the characteristic function on V, then the fuzzy digraph structure 
(u, Ri, Ro,--- , Rn) is simply denoted by G = (V; Ri, Ro,--- , Rn). 

A fuzzy digraph structure G = (V; Ri, Ro,--- , Rn) is called (i) trivial if R; = 0 for all 
i, (ii) reflexive if for all  € V,Ri(a,a) = 1 for some i, (iii) symmetric if R; = Ry! for 
all i, (iv) transitive if for every i and j, R; \.R; < Ry for some k, (v) a Hasse diagram if 
for every positive integer m > 2 and for every 21,%2,---,%m of V with R,(xj,2;41) > 0 
for all 7 = 0,1,2,---,m—1, implies R;(zo,2,) = 0 for all i, and (vi) complete if for any 
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x,y € V,R;(x,y) > 0, for some i = 1,2,--- ,n. A walk of length & in a digraph structure is an 
alternating sequence W = 29, €9,%1,°-+ ,€%,%, Where e; = (a;,%;41) and R,(e;) > 0 for some 
i. A walk W is called a path if all the vertices are distinct. We use notation 19,11, %2,--- , Ur 
for the walk W. A walk is called a circuit if its first and last vertices are the same, but no 
other vertex is repeated. A weak path is a sequence 71,%2,::: ,X%m of distinct vertices of V 
such that for j = 1,2,---,m—1, Ri V R;'(x;,2j41) > 0 for some i = 1,2,--- ,n. Distance 
between two vertices x and y in G is the length of the shortest path from x to y and is 
denoted by d(x,y). Diameter of the fuzzy digraph structure G, denoted by d(G), is defined 
by d(G) = mazzyegd(x,y). A fuzzy digraph structure G = (V; Ri, Re,---, Ry) is called 
(i) connected (strongly connected ) if y is connected to x for all «,y € V, and (ii) weakly 
connected if any two vertices can be joined by a weak path, that is, the fuzzy digraph structure 
G’ =(V;R, V Ry', R2V Ry',--+,Rn V R;') is connected. A weakly connected fuzzy digraph 
structure G = (V; Ri, Ro,--- , Rn) with out any circuits is called a tree. 


The present work is a generalisation of the work in [6] in which Madhavan Namboothiri 
N.M. et al. introduced a class of Cayley fuzzy graphs induced by groups. 


§2. Cayley Fuzzy Digraph Structure 


Definition 2.1 Let V be a group and 14,V2,--+,Um be mutually disjoint fuzzy subsets of 
V. Then, Cayley Fuzzy Digraph Structure of V with respect to v1,V2,--- ,U, is defined as 
(V; Ri, Ro,-++,Rn) where Ri(x,y) = vi(a~'y) and is denoted by CayFp(V;™%,v2,-** ,Un)- 
The subsets V1,V2,+++ ,Upn are called connection fuzzy subsets of CayFp(V;1% ,V2,°°+ ,Un). In 


case, a Cayley fuzzy digraph structure with only one connection set is usual Cayley fuzzy graph. 
Theorem 2.2 G = CayFp(V3,12,°++ ,Un) ts vertex-transitive. 


Proof Let a and b be any two arbitrary elements in G. Define yw: V > V by (x) = ba7 tax 
for all xz € V. Clearly, w is a bijection onto itself. Furthermore, we have, for each x,y € V, 


Ri(w(x), W(y)) = Ri(ba~*x, ba~*y) 
= v;((ba~*x)~* (ba *y)) 
= v,(a~'y) = Ri(ax,y). 











Hence, the proof is complete. 





Theorem 2.3 Cayley fuzzy digraph structures are regular. 


Proof Let G = CayFp(V3;11,V2,°-+ , Un) be a cayley fuzzy digraph structure. Let u,v € V. 
Since Cayley fuzzy digraph structures are vertex transitive, there exist an automorphism say, 
f on G such that, f(u) =v and R,(f(x), f(y)) = Ri(x,y) for any x,y € V andi =1,2,--- ,n. 
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Then the in-degree of u, 


ind(u) = YS °S°Ri(a,u) = S-SoRi(f (0), f(w) 


reVi=l zeVi=l 
2 Yea SS SR 
veVi=l f(a)eVi=l 
= SoS ERi(y, v) = ind(v). 
yEeVi=l 


Similarly, we can prove that outd(u) = outd(v). Therefore, G is in-regular and out-regular. 
Now to prove that G is regular we just need to show that ind(1) = outd(1). 


ind(1) = yw a, 1) 25 ye -1) 
weEVi=l1 reVi=l1 
im dle) = S >> Ri(1, 2) = outd(1). 
reVi=l xeVi=l1 











Therefore, G is regular. 





Theorem 2.4 G = CayFp(V3,12,°++ ,Un) is a trivial graph if and only if v4, =0 for alli. 


Proof By definition, G is trivial if and only if R; = 0 for all 7. This implies that v; = 0 for 











all i. 





Theorem 2.5 G = CayFp(V;,2,°++ ,Un) is reflexive if and only if v;(1) = 1 for some i. 


Proof Assume that G = CayFp(V;,2,--: ,UYm) is reflexive. Then for every x € 
V, R;(x,x) =1 for some i. This implies that v;(2~tx) = v;(1) = 1 for some i. 
Conversely, let v;(1) = 1 for some i, say i = k. This implies that for each « € V, Ry (a,x) = 














vy(a—tx) = vp (1) = 1. That is G is reflexive. 


Theorem 2.6 G = CayFp(V;™,2,-++ ,Up) is symmetric if and only if v(x) = ¥;(@~*) for 
allx EV, i=1,2,---,n 


Proof Suppose that G is symmetric. Then for any « € V, 
y,(x) = v(x—+2?) = R,(a, 27) = Ry '(a, 27) = R,(x?, 2) = yj (ate! 2) = v;,(271). 


Therefore, v;(x) = v;(a~'). 
Conversely, suppose that v;(2) = v;(x~') for all x € V. Then for any z,y € V, R;(z,y) = 
vi(a—ty) = vi((a~ty)~1) = vi(y~ tx) = Ri(y, x). This implies that, R is symmetric. Hence the 














proof is complete. 


Theorem 2.7 G = CayFp(V3;,12,--: ,Umn) is transitive if and only if for every i,j and for 
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any x,y € V,ui(a) Av; (y) < ve(xy) for some k. 


Proof First assume that G is transitive. That is, for every 1,7, Ryo Rj < Ry for some k. 
For z,y € V, 


vile) Av;(y) < V{erl2) A vj(27M(ay)) 12 € V} 
=V{Ri(1,z) A Rj (z, cy): 2€ VS} 
= Ro R;(1, zy) 
< R,(1, zy) = 4%, (ay). 


That is, v(x) Av; (y) < ve(xy) for some k. 
Now let for any x,y € V and i,j, 4;(%) Av; (y) < ve(xy) for some k. Then, 


(Rio R;)(x,y) = V{Ri(z, i AR(z,y):2€ V} 
= V{vi(a72z) Avy) 2 EV} 
< V{vg((2~*z)(z*y)) 22 VI 
= v4 (xy) = Re(x,y). 











Thus, R; oR; < Ry for some k. This completes the proof. 





Theorem 2.8 G= CayFp(V;™,V2,-*+ ,Un) is complete if and only if Ui. =V. 


Proof First assume that G is complete. That is UR;t = V x V. Clearly, Uy;+ C V. Now 
let x € V. Then (1,2) € Rj,* for some i. That is, R;(1,x) > 0, which implies, v;(2) > 0. 
Thus, x € Uv;,*. Therefore, V C Uy;,+. That is, Ui.7 = V. 

ey assume Uv;,+ = V. Let (x,y) € i xV. Thenz,yeVoaurtyeVoen tye 
Uviot = x ty € Yi.¢ for some i. Then, 4;(x~ly) > 0. That is, R;(x,y) > 0 which implies 
(x,y) € Riot. Hence, V x V CUR;,*. Therefore, 


[Ue a eV, 











This completes the proof. 





Let A; be the set of all elements x € V of the form « = x1%2---a%p, where x; € vid for 


some i = 1,2,--- ,n. Then [0] is defined as [J] = U Ay. Let By be the set of all elements 
k=1 
y € V of the form y = y, y2--+ Ye, where y; € (4% A v,')¢ for some i = 1,2,--- ,n. Then [[¥]] is 


defined as [[¥]] = U Bg. 


Theorem 2.9 G = CayFp(V;1,v2,--+ ,Un) is connected if and only if V = [0]. 


Proof First assume that G = CayFp(V3;1,12,:-: ,Y¥,) is connected. Clearly, [0] C V. 
Now let « € V. Then there exists a path from 1 to x say, (1,41, y2,°-: , Ye = x). Then, for 
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some i, R;i,(1,y1) > 0, that is, y: € vito. Also, yz yyy € Vj\ofor j = 2,3,---,k. This implies 


that x € Ax, since, x = (1-y1)(yy'y2)(yo ys) --- (Yp_ ye). Therefore, x € U Ax, = [0]. Hence, 


k=1 
V = (0). 
Conversely, assume that V = [J]. Let 2,y € V. Then z = 2~'y € V, implies, z € [J] = 
n 
U Ap. Then z = 2129--+ zp. Then 1, 21, 2122,-++ ,2120°++ 2, = z is a path from 1 to z. Then 
k=1 
U,UZ1,U2122,°°+ U2 20°+' Ze = LZ = y is a path from z to y, implies G is connected. This 














completes the proof. 


Theorem 2.10 G = CayFp(V;™,v2,+-+ ,Un) is weakly connected if and only if V = [[v]]. 


Proof Assume G be weakly connected. Clearly, [[v]] C V. Let « € V. Then there exist 
1 


a weak path say, 1,71,%2,---,v, = x from 1 to x. Then, lay € (%, V te Je Ly 2 € 
(Vi. V a ae -++, @, tr © (Vi, VUi,)¢, Which clearly implies that 
x € |) Be = [WI 
k 

Hence, V € [[v]]. 

Conversely, assume that V = [[J]]. Let z,y € V, implies z = 2~'y € V. Therefore, 
z € |[v]]. Then there exist elements 2; € (4%, V Vis*)O» j=1,2,---,k, such that z = 21 29-++ 2m, 
for some k € {1,2,--- ,n}. Then 1, 21, 2122,-++ ,2122°++ 2 = 2 is a weak path from 1 to z and 
hence 2, @21,02122,°°* ,€2122°+*Z, = xz = y is a weak path from zx to y. Therefore, G is 











weakly connected. This completes the proof. 





Theorem 2.11 G = CayFp(V;™,2,--+ ,Un) ts partially ordered if and only if 


(i) 14(1) =1 for some i; 
(it) for every i,j and for any x,y € VV, (x) Av; (y) < ve(ay) for some k; 
(iit) {a : v(x) = v(x—")} = {1} for alli =1,2,--+ ,n. 


Theorem 2.12 G = CayFp(V;,12,--+ ,Un) 18 quasi-ordered if and only if 


(i) 14,(1) =1 for some i; 


(it) for every 1,7 and for any x,y € V,1;(x) Av; (y) < ve(ay) for some k. 


Theorem 2.13 G = CayFp(V3;%,12,°-: Un) is a Hasse diagram if and only if G is connected 


and vz (@1%2°++2m) = 0, k= 1,2,--- ,n, for any collection 11, %2,--+ ,Xm of vertices in V with 
m2 2 and 0;,(2;) > 0 for =1,2,--*,m. 
Proof Suppose G is a Hasse diagram. Since Yi, (xj) > Oforj =1,2,+-+ ,m, (1,91, 2122,°°", 


1%Q°++Lm) is a path from 1 to x1422--- Xm. Now since G is a Hasse diagram, Rz(1,1122--- Xm) 
= 0 for all k. Therefore 14, (a1472---%m) = 0 for all k = 1,2,--- ,n. 
Conversely suppose, G is connected and vp (a11%2°++U%m) = 0, k = 1,2,--- ,n, for any col- 


lection £1, %2,°-* ,m of vertices in V with m > 2 and 4,(x;) > 0 for 7 = 1,2,---,m. Let 
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(%0,21,°:+ ,%m) be a path in G from x, to tm, m > 2. Then R;,(x9,71) > 0, Ri, (x1, 22) > 
0, «++, Ri,,(@m—1,;2m) > 0 which implies, y;, (zg 'a1) > 0, 4%4,(ayp 1x2) > 0, ++ ,%,,(a7 em) > 
0. Thus, by assumption, vz, (xp \aivypa2-+: a)! | &m) = Ve(@p am) = 0. Therefore, Ry (x0, 2m) = 
0 for all k = 1,2,--- ,n. Hence, G is a Hasse diagram. This completes the proof. 














Theorem 2.14 Fork =1,2,--- ,n,let Ay be the set of all products of the form V4, Vin ° ++ Vi, = 
{U1%q°++ Lp i Li E ist 39 = 1,2,--- ,k}. If G = CayFo(V3,12,+-+ ,Un) has finite diameter, 


then the diameter of G is the least positive integer m such that 


G= UA 


Aé€Am 


Theorem 2.15 G = CayFp(V;™,v2,+++ ,Un) is a tree if and only if V = [[v]] and 1 ¢ [VJ]. 


Definition 2.16((6]) Let (S,*) be a semigroup. Let A be a fuzzy subset of S. Then A is said 
to be fuzzy sub-semigroup of S if for alla,b € S, A(ab) > A(a) A A(b). 


Definition 2.17 Let (S,*) be a semigroup and let 1,V2,--: ,U, be mutually disjoint fuzzy 
subsets of S. The fuzzy sub-semigroup generated by 11,V2,°-+ ,Un is the smallest fuzzy sub- 
semigroup of S which contains v1,V2,-+* ,Um. Let us denote it by (v(123..-n))- 

Theorem 2.18 Let (S,*) be a semigroup and let 11,12,-++ ,U, be mutually disjoint fuzzy 


subsets of S. Then the fuzzy subset (v(193...n)) is precisely given by (V(193...n))(@) = V{vj, (a1) A 
Vj,(@2) A+++ Vig (LR) 1 @ = L1XQ+-- x_with a finite positive integer k,x;, € S and v;,(x;) > 0 for 


some j,; = 1,2,--- ,n} for anyxeS. 


Proof Let v' be the fuzzy subset of V defined by v(x) = V{vj, (a1) Aj, (2) A+ + AV;,, (@m) : 
U = 11XQX3°++ Lm, LI; E vim € {1,2,3,--- ny} for any x € V. If y € V, by definition of v’, 
it is clear that v’(y) > v;,(y) where j, € {1,2,--- ,n} and v;,(y) > 0. Thus, we have v;, < v’ 
for all j;. This implies that v’ contains 11,172,+-- ,U¥m. Let ,y € V. If v;,(x) = 0 or v;,(y) = 0, 
then v;,(%) \v;,(y) = 0. Then, v'(xy) > v;,(a@) A v;,(y). Again, if v;,(~) A 0 and v;,(y) 4 0, 
then by definition of v’, we have v'(xry) > v;,(x) Av;,(y). Hence v’ is a fuzzy sub semigroup of 
V containing 44,7 € {1,2,--- ,n}. Now let A be any fuzzy sub semigroup of V containing 1,7 € 
{1,2,---,n}. Then, for any x € V with @ = x1 %9%3...%m, Ui € Us 5 for i= 1,2,--- ,n,me 
{1,2,3,--- ,n} we have A(x) > A(x1) A A(aa)A---AA(tm) > 5, (@1) AY; (£2) A+++ AY; (Lm); 
which implies that A(x) > V{v;,(@1) A ¥;,(@2) A+++ AV;,,(2m) 1 © = ©1LQX3+++ Lm, Lz, € 
vim € {1,2,3,--- ,n} for 7; € {1,2,...,n} for any x € V. Therefore, A(x) > v’(x) for all 
zeV. Thus, / = (v(193...n)). That is, (¥(193...n)) (x) = V{vj, (#1) A Vj,(@2) A-++ A Ujm (Bm) ! 
L = 61 L2%3Z°++Lm, Lj, € vim € {1,2,3,--- sn} for any rE V. 
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Abstract: A Finsler space is said to have reversible geodesics if for every one of its oriented 
geodesic paths, the same path traversed in the opposite sense is also a geodesic. In this 
work, we study a class of special Finsler metrics F’ called arctangent Finsler metric, which 
is a special (a, G)-metric, F = a+ Barctan(4) + «G8 (« # 0 are constant), where a is a 
Riemannian metric and @ is a 1-form. The conditions for an arctangent Finsler space (M, F’) 
to be with reversible geodesic are obtained. Further, we study some geometrical properties 
of F and prove that the arctangent metric F’ induces a generalized weighted quasi-distance 
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§1. Introduction 


An interesting topic in Finsler geometry is to study the reversible geodesics of a Finsler metric. 
Recall that, a Finsler space is said to have reversible geodesics if for every one of its oriented 
geodesic paths, the same path traversed in the opposite sense is also a geodesic. In the last 
decade many interesting and applicable results have been obtained on the theory of Finsler 
spaces with reversible geodesics. In [7], Crampin gives necessary and sufficient conditions for a 
Finsler metric (M, F’) to be with reversible and strictly reversible geodesics, respectively. 

Reversible geodesic of (a, ()-metric and two dimensional Finsler spaces with (a, 3)-metric 
were studied by Masca, Sabau and Shimada (([8],[9]). In [6], Sabau and Shimada have given some 
important results on reversible geodesics. In [10], Shanker and Baby have exhaust reversible 
geodesics for generalized (a, 3)-metric. 


§2. Preliminaries 


Let F” = (M,F) be a connected n-dimensional Finsler manifold and let TM = UzemT,M 


denotes the tangent bundle of M with local coordinates u = (X,Y) = (a',y’) € TM, where 


; i_O 
t=1,--- nN, Y=Y' aor: 
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If 7: [0,1] > M is a piecewise C™ curve on M, then its Finslerian length is defined as 


Eas | F((t),4(t))dt (2.1) 


and the Finslerian distance function dp : M x M — (0,00) is defined by dr(p,q) = inf,L, 
where infimum is taken over all piecewise C'° curves y om M joining the points p,q © M. In 
general, this is not symmetric. 

A curve 7: [0,1] + M is called a geodesic of (M, F) if it minimizes the Finslerian length 
for all piecewise C' curves that keep their endpoints fixed. We denote the reverse Finsler 
metric of F as F : TM — (0,0), given by F(x,y) = F(a,—y). One can easily see that F is 
also a Finsler metric. 


Lemma 2.1 A Finsler metric is with a reversible geodesic if and only if for any geodesic y(t) 


of F, the reverse curve ¥(t) = y(1 —t) is also a geodesic of F. 


Lemma 2.2 Let (M,F) be a connected, complete Finsler manifold with associated distance 
function dF: M x M => [0,co). Then, dp is a symmetric distance function on M x M if and 
only if F is a reversible Finsler metric, i.e., F (x,y) = F(a, —y). 


Lemma 2.3 A smooth curve y: [0,1] — M is a constant Finslerian speed geodesic of (M, F) 
if and only if it satisfies 7 + 2G*(y(t),7(t)) =0, i=1,...,n, where the functions G':TM +R 
given by 

G' (x,y) =Tjx (2, yyy? (2.2) 


with 





g (2983 , O9sk O9it 


Tye (@y) = 2°dxk © Axi Ox 


Remark 2.4 It is well known [3] that the vector field 


0 , O 
- — 2G’ —— 
Ox* Oy* 








r=,' 


is a vector field on TM, whose integral lines are the canonical lifts 7(t) = (y(t), +(t)) of the 
geodesics of y. This vector field T is called the canonical geodesics spray of the Finsler space 
(M, F) and G" are called the coefficients of the geodesics spray T. 


Definition 2.5 If F and F are two different fundamental Finsler functions on the same 
manifold M, then they are said to be projectively equivalent if their geodesics coincide as set 
points. 


Lemma 2.6 A Finsler structure (M,F) is with a reversible geodesic if and only if F and its 


reverse function F are projectively equivalent. 


The main purpose of the current paper is to determine the reversible geodesics for special 
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Finsler metrics F' called arctangent Finsler metric, which is a special (a, 3)-metric, 


F=a+ Baieinn® +6 (€ 4 Oare constant), 
a 
where a is a Riemannian metric and £ is a 1-form. The paper is organized as follows: 


Starting with preliminary definitions on reversible geodesics in section two, in section three, 
we obtain the conditions for an arctangent Finsler space to be with reversible geodesics (see 
Theorem 3.1). in section four, we prove that if F is projectively flat then it is with reversible 
geodesics (see Theorem 4.2). In section five, we study metric structures associated to F and 
prove that the arctangent metric F' induces a generalized weighted quasi-distance function dr 
on the manifold M (see Theorem 5.2). 


§3. Reversible Geodesics of Arctangent Finsler Metric 


Consider a Finsler space (M, F’) with a special (a, 3)-metric 


F=a+t+ Baraat’) +€G. (« £0 are constant), 
a 


where a = \/a;jy*y? is a Riemannian metric and 8 = 6;(z)y’ is a 1-form. 
The necessary and sufficient condition for F to have a reversible geodesic is [6] 


OF OF 
"Oyi at 








(3.1) 


where I is the reverse of I, the geodesic spray of F’, moreover T’ is geodesic spray for F. The 
necessary and sufficient condition for F to have strictly reversible geodesics is 'F = 0. Now 
F=a+t+ Barctan(4) +6. Then F=a+ Barctan(4) —€6,s0 F =F +2. 


(a4 


We have 








7 . 1 : z 
frank, = aretan(=) Py Bai) 4 ntesrsa ac Bei) + €(T'By: — Bes) 





=(arctan(=) aera) €) (E By: — Bes), 


Notice that for the spray I’, we have 


Ob; > Ob; 
Oxi Ox? 








So we get 





TF, — Fy = (axctan(#) (ism) c) Lag (3.2) 
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Now, 





{estat om | 


can not be zero. Therefore, from equation (3.1) and (3.2) we conclude that F is with reversible 


Ob; — Obj; \ 
(= 7 7 as 


i.e., F is with reversible geodesic if and only if ( is closed 1-form. Hence, we have the following 


geodesics if and only if 








theorem 


Theorem 3.1 Let (M,F) be an arctangent Finsler space with F defined by the Riemannian 
metric a = \/aijy’y) and 1-form B = by’. Then F is with a reversible geodesic if and only if 
B is a closed 1-form on M. 


§4. Projective Flatness of Arctangent Finsler metric 


A Finsler space (M, F’) is called (locally) projectively flat if all its geodesics are straight lines [4]. 
An equivalent condition is that the spray coefficients G’ of F can be expressed as G' = P(x, y)y’, 
where P(x,y) = op Bay. An equivalent characterization of projective flatness is the Hamels 


relation [5]. 


OF |, OF 


DamoykY ~ Aye — 9 





Proposition 4.1 Let (M, F) be an arctangent space with F defined by the Riemannian metric 
a= VJajy’y and 1-form 8 = by’. Then F is projectively flat if and only if F is projectively 
flat. 


Outline of the Proof Recall (see Theorem 3.1 of [6]) that if F = Fo +€( is a Finsler metric, 
where Fo is an absolute homogeneous (a, 3)-metric, then any two of the following properties 
imply the third one: 


(a) F is projectively flat; 
(b) Fo is projectively flat; 
(c) B is closed. 


In our case B 
F=a+4 @arctan(—) + 68 = F 4 26, 
a 


where 


F=a+ Barctan(*) —€B 


which is absolute homogeneous. 


Proof of Proposition 4.1 Let (M,F) be projectively flat, then by Hamels relation for 
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projective flatness, we have 

















Rg OP og 
Bamayk? Aah 
Thus we have 
P(F +28) ,, OF +268) _ 
aamoye 4 ane 
Fr ,, OF CFB" . tm, 08 
ax™Oyk! Oak * 2e( aomagkY BaF mee 
OOF. gn. SOR e- 2e( OB: ZS) 
dam Oye 4 Oxk dam Oye! Oxk J 


Since 6 is closed, Then we have 


YF |, OF 


DamoykY — Oak —° 





Therefore F' is projectively flat. 
Conversely, suppose that F is projectively flat. Since F is projectively flat, therefore F 
will satisfy Hamels equation 


Fr | aF 
dam Oye” Oak 





= 0, 


So we have 


O2(F 28) ,, O(F — 28) 
axmayk 4 dak 
Of fe. OF ; ( OPO ~s. 708 ) 

axmayk” ~ Axk a 
OF | OF ap 

Yy = 2e 
Ox™dDy* Oxk Ox™dy* 





= 0, 











Since 6 is closed, Then we get: 


OE 38 = OE 
Ox™ Oy* s Oxk 

















Therefore F' is projectively flat. 


Theorem 4.2 Let (M, F) be be an arctangent space with F defined by the Riemannian metric 
a= /ajy'y) and 1-form B = by’. If F is projectively flat, then it is with a reversible geodesic. 


Proof By Hamels relation, we can see that F is projectively flat if and only if F is 
projectively flat. This implies that F' and F both are projectively equivalent to the standard 
Euclidean metric and therefore F' must be projective to F. Thus F must be with a reversible 











geodesic. 
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§5. Weighted Quasi Metric Associated with Arctangent Finsler Metric 


It is well known that the Riemannian spaces can be represented as metric spaces. Indeed, for 
a Riemannian space (M,a), one can define the induced metric space (M, d,,) with the metric 


b 
dy: Mx M > (0,00) da(a,y) = ae / a(y(t), ¥(t))dt, (5.1) 


where [',, = {7 : [a,b] + M|y is piecewise, y(a) = x, 7(b) = y} is the set of curves joining x 
and y, ¥(t) is the tangent vector to 7 at y(t). Then d, is a metric on M satisfying the following 
conditions: 
(1) Positiveness: do(z,y) >Oifa Ay, da(t,x) =0, x, ye X; 
(2) Symmetry: da(x,y) = daly,x), Va,y € M; 
(3) Triangle inequality: da(x,y) <da(a,z)+da(z,y), Va,y,2€M. 
Similar to the Riemannian space, one can induce the metric dr to a Finsler space (M, F), 
given by 
b 
dp: Mx M > (0,00) dpr(a,y) = inf / F (y(t), (t))dt, (5.2) 
yD oy Jaq 


but unlike the Riemannian case, here dp lacks the symmetric condition. In fact, dp is a special 
case of quasi metric defined below. 


Definition 5.1({1]) A quasi metric d on a set X is a function d: X x X — (0,00) that satisfies 
the following axioms: 

(1) Positiveness: d(x,y) >0 ifu Ay, d(x,x) =0, 2, ye X; 

(2) Triangle inequality: d(x,y) < d(a,z)+d(z,y), Va,y,z © X; 

(3) Separation aviom: d(a,y)=d(y,z)=0 > x=y,Vr,yEXx. 


One special class of quasi metric spaces are the so called weighted quasi metric spaces 
(M, d,w), where d is a quasi-metric on M and for each d, there exists a function w : M — [0, 00), 
called the weight of d, that satisfies 


(4) Weightability: d(x,y)+w(«) =d(y,x) + u(y), Ve,ye M. 


In this case, the weight function w is R-valued, and is called generalized weight. 


Theorem 5.2 Let M be an n-dimensional simply connected smooth manifold. Arctangent 
Finsler metric F = a+ Barctan(2) +€8 (e £0 are constant) induces a generalized weighted 


quasi-distance dp on M. 


Proof Consider an arctangent Finsler space (M,F) with F defined by the Riemannian 
metric a = \/aijy’y) and 1-form 6 = by’. (« £0 are constant) Let yey € T2y be a Finslerian 
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geodesic, then from (5.2), we have 


b 
dp(2,y) = / F(y(t), 4(t))at 
b 





=| (a+ B arctan(*) + €8)dt 
a 3 
=| (a + GB arctan(—))dt + € B 
a a Yay 
s B 
= | e+ Barctant) +e B. (5.3) 


Let us consider a fixed point a € M and define the function wa : M > R,wa(x) = dr(a,x) — 
dp(a,a) . From (5.3) it follows that 


Wa(x) = dr(a, x) — dr(a,a) 


=) a+ Bavetan() +e f B 


ax ax 


=a a+ Bavetan() —e f B 


ra ra 


=€ Br-e B 


Yar Yaa 


=-2f B, (5.4) 


where we have used the Stokes theorem for the 1-form 8 on the closed domain D with boundary 


Q 


OD = Yax UYra- One can see that we is the anti derivative of 6. This is well defined if and only 
if the path integral in right hand side of (5.4) is path independent, that is, 8 must be exact. 
Then dp is a weighted quasi-metric with generalized weight w,. Indeed, we have 


de(@,9) + wala) = f (a+parctan())+ef pref p-ef 6 


Yey Yau xa 





- (a+ Barctan(4)) —€ B-e B; (5.5) 


ay Yea Yya 
where we have again used the Stokes theorem for the 1-form § on the closed domain with 


boundary Yex U Yey U ya: 


Similarly, 


dp(y,st) + waly) = | (0 + Barctan(=)) — [ Be / 8. (5.6) 


yx ra 


From equations (5.5) and (5.6) we conclude that dr is weighted quasimetric with general- 











ized weight w_. This completes the proof. 





Next, recall the following result. 
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Lemma 5.3([1],[2]) Let (W,d) be any quasi-metric space. Then d is weightable if and only if 
there exists w: M — [0,co) such that 


1 
where p is the symmetrized distance function of d. Moreover, we have 


[w(x) — w(y)] < e(z,y), Va,ye M. (5.8) 


Nile 


The proof is trivial from the definition of weighted quasi-metric. 


Remark 5.4 If (M,F) is an arctangent Finsler space with F = a + f arctan(2) + 8, (e 4 0 


a 
are constant). then the induced quasi-metric dr and the symmetrized metric p induce the same 
topology on M. This follows immediately from ([3],[4]). 


Remark 5.5 From Lemma 5.3, it can be seen that the assumption of w to be smooth is not 
essential. 


Next, we discuss an interesting geometric property concerning the geodesic triangles. 
Proposition 5.6 Let (M, F) be an arctangent space with F defined by the Riemannian metric 
a= VSaiyzy'y) and 1-form B = by’. (€ #0 are constant). Then the perimeter length of any 
geodesic triangle on M does not depend on the orientation, that is, 


dp(x,y) + dp(y, 2) + dp(z, x) x dp(z, z) a dp(z,y) + dr(y, 2), Vx, Y, 2 eM. (5.9) 


Proof From Theorem 3.1, it follows that the quasi-metric is weightable and therefore (5.7) 














holds good. By using this formula an elementary computation proves (5.9). 
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Abstract: In this paper we define the Laplacian degree sum distance matrix and signless 
Laplacian degree sum distance matrix from the well known degree sum distance matrix 
and define Laplacian degree sum distance energy and signless Laplacian degree sum distance 
energy. We evaluate the Laplacian degree sum distance energy and signless Laplacian degree 
sum distance energy of some graphs. We also obtain some bounds for Laplacian degree sum 


distance energy. 
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§1. Introduction 


All the graphs considered here are finite simple, connected and undirected. Let G be such a 
graph of order n.The degree of a vertex v;, d(v;) is the number of edges incident on it and we 
denote d;; as the distance between vertex v; and v;. 

Several results on Laplacian energy of graph G are reported in the literature [2, 3, 4, 5, 
6]. The signless Laplacian energy is also studied in the literature rigorously [7, 8, 9]. We have 
discussed degree sum distance matrix in [1], as DSD(G). 

We now define the Laplacian and the signless Laplacian degree sum distance matrix of a 
connected graph G as 

Lpsp(G) = [ldsd,;] 


where, 


= 2d; ifi=j 


and Qpsp(G) = [qdsd;;] where, 


qdsd;; — dij (d(vi) + d(v;)) ifiF~j 
ae) el 
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The following are obvious for Lpgsp(G) and Qpsp(G). 


(1) Both Lpgp(G) and Qpsp(G) are real symmetric, hence their eigenvalues are real. 

(2) If 8; and 7, t=1,2,3--- ,n are eigenvalues of Lpgsp(G) and Qpgsp(G) respectively then 
they can be arranged in non-increasing order as 6, > 62 >-:: > B, andy > y2 > +++ = In 
respectively. 


Definition 1.1 Let G be graph of order n and size m.If 2avd(G) denotes double average degree 


X11 4G) 


of a graph given by, 2—=+———,, then analogous to usual Laplacian and signless Laplacian 


n 
energy we define the Laplacian and signless Laplacian degree sum distance energy as, 


LEpsp(G) = ))|8; — 2avd(G)| and QEpsp(G) = D> 4 — 2avd(G)). 
i=l t=1 


The double average degree is taken to be consistent with the degree sum entries defined in 
the matrix defined 


Example 1.2 For the graph G given in Figure 1, 





Figure 1 


4 
The double average degree of G is 2 x 5 4. 

















2 -4 -6 -6 2 4 6 6 
Lypsp(G) = ape, oes Qpsp(G) = cue 

-6 -5 4 -4 6 5 4 4 

-6 -5 -4 4 6 5 4 4 
Laplacian degree sum distance eigen- signless Laplacian degree sum distance 
values are 0, = 11.1686, G2 = 8.065, eigenvalues are 7, = 19.0266, yz = 1.0761, 
B3 = 8,84 = —11.2342 "v3 = 0,y4 = —4.1027 
LEpsp(G) = |11.1686 — 4| + |8.065 — 4] | QEpsp(G) = |19.0266 — 4| + |4 — 1.0761]. 
+|8 — 4| + |11.2342 + 4] = 30.4678. +|0 + 4| + |44 4.1027| = 30.0532. 








Table 1 
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§2. Bounds on Laplacian Degree Sum Distance Energy 
We introduce the auxiliary Laplacian degree sum distance eigenvalue j1;, defined as, 
n 
1 
py = Pe — 2= s dj. 
nr * 
w=1 


Lemma 2.1 Let G be a graph of order n, then we have 


Se and 51? =2R, 
i=l i=1 
where, 


tyrd+2 D> ((d; + d;)dij)? 


w=1li<g 


The Laplacian degree sum distance energy of G can be another as 


LEpsp(@) = Y>|mil = >|: 7 








Proposition 2.2 Let G be a graph of order n > 2, then, 2/R < LEpsp(G) < V2nR, where 
R is defined above. 


Proof Consider the equation 
n n 


N= OU + bab? = an Sal? 2 (Sohal an 


t=1 g=1 


I 


2n2R — 2(LEpsp(G)) = 4nR— 2(LEpsp(G)) 


from Lemma|?2. 1). 


Note that, N > 0, ie, 4nR — 2(LEpsp(G))? > 0 which implies, LEpsp(G) < J2nR. 
Again from Lemma 2.1 we have (>; ui)” = 0, the fact that R>0 and 


n n 2 
S- = bs ms) a2 ys Milt; 
i=1 1=1 


l<i<j<n 
<2 D7 |weegls SS [pal-leyl, 
1<i<j<n 1<i<j<n 
2h <2 ST |peal-lesl 


1<i<j<n 


52 Sudhir.R.Jog and Jeetendra.R.Gurjar 


so that 
LBB sp(G) = (som 1) 
i=l 
= Selmi? +2 S> [wal-lusl 
i=1 


a l<i<j<n 
= 2R+2R=AR. 
Then, LEpsp(G) > 2VR. 
Lemma 2.3((10]) Let a1, a2,---+ ,@n be non-negative numbers, then 


n Aya CToo4| Sn lai - (s-va) < n(n —1) Aya Cyoo4| 


i=l 1=1 i=l 


Proposition 2.4 Let G be a graph with n vertices and m edges, then 








V2R + n(n — 1A? < LEpsp(G) < V2(n—-R+nA8, 


where, 


A= 








det (znsotey _ 


Proof We assume that A # 0, by setting a; = uw? where i = 1,2,--- ,n, and 
28 


1 n n 
1ya-(TL8) | =o 
i=1 i=1 
From Lemma 2.3, we have 


Pan ype (11 i) <(n-I)P, 


i=l 
which can be further expressed as P < 2nR — (LE(G))? < (n—1)P. 
Hence, 
ally 
P LS 2 Te) n|—2P—A*| =2P—nA? 
=ni— — : = = _ n| = = n 
n 2M — | TT - 


By substituting in the above inequality, we obtain desired result. 
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Proposition 2.5 If G is any graph of order n and A as defined above, then 





2R +n(n—1)A® < LEpsp(G) < V2Rn. 


Proof For lower bound consider, 


n n 


[LEpsp(G@)? = (mil)? = do (ua)? +22 [ol 


i=1 w=1 1<Jj 


I 


Since AM > GM, we have 


1 
ey De Isle > (J lesley) 
ir ifj 

nm 
= T[ tui?) 
i=1 


(TJ lmil*) =A*. 
i=l 


Therefore, 
[[leilles| = n(n —)A*. 
tj 
Hence, 
[LEpsp(G)? > 2R+n(n—1)A*, 
Le., 








LEpsp(G) > Y2R + n(n—1)A#. 


For upper bound we define 


et (|i + |n3|)° 
) (lal? + |g?) +2 bs bbl) 
= nd (us)? +n > (us)? - a(S li) 


Me 


x = 


©. 
Il 
un 
I 
ee 


I 
Jz 


© 
Il 
un 
Il 
me 





= 2nR+4+2nR—-2[LEpsp(G)? = 4nR — 2[LEpsp(G)]? 


Since X > 0, we get that 


LEpsp(G) < V 2Rn. (2) 














Combining (1) and (2) we obtain the desired result. 
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83. LEpsp of Some Graphs 


Lemma 3.1 Jf 1, 2,:+: ,An are the eigenvalues of any matrix P of order n, then the eigen- 
values of the matriz kI, +P arek+A1,k42,--: ,KEAn- 




















Using LemmaJ[3.1] one can directly obtain the Laplacian and signless Laplacian degree sum 
distance eigenvalues from the degree sum distance eigenvalues for a regular graph G.The degree 
sum distance energy is already discussed by the present authors in [1]. 

In general the Laplacian degree sum distance energy and signless Laplacian degree sum 
distance energy are equal for a regular graph G.This is consistent with the equality of Laplacian 
and signless Laplacian energy for regular graph G. Hence we discuss graphs which are not 
regular. 


Lemma 3.2 Let a and b be two arbitrary constants, I is the identity matrix and J isn xn 
matrix whose all entries are 1's. If A= (a—b)I + bJ then the characteristic polynomial of A, 
is, |AI — A] = [A—a+)]"-1[\—a— (n—1)b]. 


Theorem 3.3 The Laplacian degree sum distance energy of the complete bipartite graph Kmn 


1s 














2n(m + 3n)(m — 1) 2m(n + 3m)(n — 1) 
LEpsp(Kmn) = ria aa 
4mn 4mn 
+ | 31 4 Ba} , 
mtn mtn 














where 3; and 82 are the roots of the equation 


B? + 2(4mn — 3n — 3m)8 + mn(14mn — 24m — 24n — m? — n? + 36) = 0. 





Proof In Km, m vertices have degree n and n vertices have degree m.The diameter being 
2 the structure of the degree sum distance matrix is 


2nIm —4MA(Km) —(m+n)Imxn 


Lysp(Km,n) = 
—(m+n)Inxm 2mI, — 4nA(Ky) 


where J is matrix of all 1’s and A the adjacency matrix.The Laplacian degree sum distance 
polynomial is then given by 


(8 — 2n)Im + 4mA(K i) (m+n)JImxn 


[BI — Lposp(Kmn)| = 
(m+n)Inxm (8 —2m)I, + 4nA(K,) 


Using Lemma 3.2 with 








(m+n)?(n—1) re ee (m+n)?(n—1) 


a a 8B —4m(n — 1) B-4m(n—-1)’ 
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we get that 


[81 -—Lpsp(Kmn)| = [6 —6n]™~1[6 — 6m]"—'[6? + 2(4mn — 3n — 3m)6 
+mn(14mn — 24m — 24n — m? — n? + 36)]. 

















4 
Using double average degree as, doubleavd(Kimn) = —— we get desired result. 
m+n 


Corollary 3.4 Ifm=1, we get star graph Ky, whose Laplacian degree sum distance energy 
18, 
(2n + 6)(n — 1) An An 


LEpsp(Kin) = moet ara Ai|4 Frail 





Ba), 


where 3; and 82 are roots of the equation, 





Let K,+e and K,,—e denote the graph obtained by adding or deleting an edge e respectively 
to complete graph K,,, both are of diameter 2. 


Theorem 3.5 The LEpsp of Kn +e is 








eee pee 
LEpsp(Knt+e) = aa ?) (2(n — 1) — (2n — 2))(2n 2)| + P= 5, 
\ 2(n? — n — 2) 2(n? — n — 2) 
| n+l a+ n+l Bs) 








where 231,82 and 83 are roots of the equation, 





6? — (Qn +2) —2(n -—1)(n — 3)) 8? — (4(n? -— 1) (mn — 3) + 4n?7 (nv -— 1) + Qn —- 1)? -1) 
+(n—1)*)6 + 8n3(n — 1) + 2(2n — 1)?(n — 1) + 4n(n? — 1)(2n — 1) — 2(n — 1)?(n — 3) = 0. 








Proof In K,, +e one vertex has degree n, one vertex has degree 1 remaining having degree 
n —1, then we have 





2n (n+1) -(2n-1) ... -(Q2n-1) ... -(2n-1) 

—(n+1) 2 —2n di —2n aoe —2n 
ie cies —(2n — 1) —2n 2n—-1) “*. -(2n—2) ... —(2n—2) 
(2n — 1) 2n (2n-—2) ... 2(n-1) ... -(2n-2) 








(2n — 1) 2n (2n—2) ... -—(Qn-—2) ... 2(n-1) 
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The Laplacian degree sum distance polynomial is 





B-2n (n+1) (2n — 1) sats (2n — 1) ae (2n — 1) 
(n+ 1) B-2 2n a 2n Shee 2n 

af “Deen Kit] = (2n—1) 2(n—1) 8B-2(n-1) ©. (2n — 2) ae (2n — 2) 
(2n — 1) 2n (2n — 2) ... B-2(n—-1) ... (2n — 2) 
(2n—1) 2(n—1) (2n — 2) cou (2n — 2) ... B—2(n—1) 

Hence, 

|8I—Lpsp(Kn+e)| = [8 -2(n—1) — (2n—2)]"~* [69 — ((2n + 2) — 2(m — 1)(n — 3)? 





(A(n? — 1)(n — 3) + 4n?(n — 1) + (Qn —1)?(n -—1) + (n—-1)")8 
+8n3(n — 1) + 2(2n — 1)?(n — 1) + 4n(n? — 1)(2n — 1) 
—2(n — 1)?(n — 3)]. 





Using double average degree as 


2(n? — n — 2) 


doubleavd(K, + e) = Src 


x 





we get the desired result. 











Theorem 3.6 The LEpsp of Kn —e is 











Epp, =e) a 4(n —1)| (n 4 [Ae 6(n — 2) 
pee By + PRRs ; 








where 3; and 82 are roots of the equation 


[B? + (2n? — 8n + 4) — 2(2n* — 6n? + 5n — 2)] = 0. 





Proof In K, — e two vertices are of degree n — 2 and remaining are of degree n — 1. 


Proceeding in a way similar to Theorem 3.5, whose Laplacian degree sum distance polynomial 
of K, —e is 





|6I — Losp(Kn —e)| = [6 — 2(2n — 2)|”" °[8 — 6(n — 2)][B? + (2n? — 8n + 4) 6 — 2(2n? — 6n? + 5n — 2)). 





Using double average degree as 


doubleavd(K, — e) = 








we get the desired result. 
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Let K,, be a complete graph of order n then the vertex coalescence of K, with K,, will be 
denoted by K,,O,K,, and the edge coalescence by K,O-Ky. KyjO,Ky has 2n — 1 vertices and 
2 x (nC) edges whereas K,O.K,, has 2n — 2 vertices and 2 x (nC2 — 1) edges. 


Theorem 3.7 The LEpsp of KnOyKy is 

















LEpsp(KyOvKn) = |S) 9m —1n+-1)[+|SO—9 _ 4m 1)] (en 4) 
_ |4n(n — 1) 4n(n — 1) 
Spat. (one |? 














where 3; and 82 are the roots of the equation, 





B? + (6n? — 20n + 14) 8 — 2(n — 1)(21n? — 50n + 29) = 0. 


Proof The graph K,,O,K, is of diameter 2 has two sets of vertices one at a distance 2 
from each other and other at 1.There is one vertex of degree (2n — 2) and remaining (2n — 2) 
of degree (n — 1). With suitable labeling the Lpgp of K,O,K,, takes the form 


























Lpsp(KnOvKn) = 

2(2n — 2) (3n — 3) (8n—3) ... (3n — 3) (3n — 3) (8n—3) ... —(38n—- 83) 

—(3n —- 3 2(n — 1) —2(n-—1) ... 2(n — 1) 4(n — 1) 4(n-—1) ... —4(n—1) 

—(3n — 3 —2(n — 1) 2(n — 1) ties 2(n — 1) 4(n — 1) 4(n-—1) ... —4(n—1) 
3n -— 3 2(n ) 2(n-—1) ... 2(n — 1) 4(n — 1) 4(n-—1) ... —4(n—1) 
3n — 3 A(n ) A(n—1)  ... —4(n—-1) 2(n — 1) —2(n—1) ... -—2(n—1) 
3n — 3 A(n ) A(n—1) ... -4nm-—1) -2(n—-1) 2(n — 1) se. —2(n — 1) 
3n — 3 A(n ) A(n—1)... 4(n — 1) 2(n — 1) 2n—1) ... 2(n — 1) 

















So that the Laplacian degree sum distance polynomial is 


[BL 7 Lypsp(KnO.K,)| = 


B — 2(2n — 2) (3n — 3) (3n — 3) Dt (3n — 3) (3n — 3) (3n — 3) 163 (3n — 3) 
(3n — 3) B-2(n — 1) 2(n — 1) Zone 2(n — 1) 4(n — 1) 4(n — 1) bas 4(n — 1) 
(3n — 3) 2(n — 1) B-2(n-1)... 2(n — 1) 4(n — 1) 4(n — 1) bis 4(n — 1) 
(3n — 3) 2(n — 1) 2(n — 1) wo. B= 2(n—- 1) 4(n — 1) 4(n — 1) fat 4(n — 1) 
(3n — 3) 4(n — 1) 4(n — 1) estes 4(n — 1) B-2(n —1) 2(n — 1) ee 2(n — 1) 
(3n — 3) 4(n — 1) 4(n — 1) nes 4(n — 1) 2(n — 1) BA 2bk aa) og 3 2(n — 1) 
(3n — 3) 4(n — 1) 4(n — 1) hae 4(n — 1) 2(n — 1) 2(n — 1) wis PS to 1) 

2n—4 
|8I— Losp(KnOv.kn)| = [8 - 2(n—1)(n + II — 4(n - 1)] 





x [6? + (6n? — 20n + 14)8 — 2(n — 1)(21n? — 50n + 29)]. 
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Using double average degree as 


4n(n — 1) 


doubleavd(K,Oy Kn) = Croan ta 














we get the desired result. 


On similar lines we get the Laplacian degree sum distance energy of K,O- Kn. 


Theorem 3.8 The LEpsp of KnO.Kn, is, 





LEpsp(KnOeKn) = b(—) A(n 1)] @n—4) 


n—-1 


2 (= = *) A(2n 3) 


n—-1 

n—n—-1 
P(r) -# 

n—-1 


where 8, and B are roots of the equation, B? + 2(n — 1)(3n — 8)B — 4(3n — 4)?(n — 2) =0. 




















Proof The graph K,O-.K,y, has two sets of vertices one at a distance 2 from each other 
and another at distance 1, being of diameter 2. There are two vertices of degree (2n — 3) and 
remaining (2n — 4) of degree (n — 1). With suitable labeling the Lpgp of K,O-K,, takes the 


form 



































Lpsp(KnO-Kn) = 

2(2n — 3) 2(2n — 3) (8n—4)... (3n — 4) (3n — 4) (8n—4) ... -(8n-4 

—2(2n — 3) 2(2n — 3) —(8n—4)... (3n — 4) (3n — 4) (8n—4) ... -—(8n-4 
(3n — 4) (3n — 4) 2(n — 1) pig 2(n — 1) 4(n ) 4(n—-1) ... -4(n- 
(3n — 4) (3n — 4) 2n—-1)... 2(n — 1) A(n ) 4(n—-1) ... -4(n- 
(3n — 4) (3n — 4) 4(n-—1) ... —4(n— 1) 2(n — 1) -—4(n-1) ... —4(n— 
(3n — 4) (3n — 4) 4(n—-1) ... -4(n-—1) -—2(n—-1) 2(n — 1) Lee —2(n — 
(3n — 4) (3n — 4) 4(n-—1).... 4(n — 1) 2(n ) 2(n—1).... 2(n-—1 














So that the Laplacian degree sum distance polynomial is 





|8—Lpsp(KnO-Kn)| = [(B—4(n—1)]?"®[6—4(2n—3)][8? +2(n—1)(3n—8)8—4(3n—4)?(n—2)] 


Using double average degree as 


2_n-] 
doubleavd(K,O.K,) = 2 (=>) : 


n—-1 














we get the desired result. 
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84. QEpsp of Some Graphs 


We now state without proof results on QEpsp which follow on similar lines like LE psp proved 


in previous section. 


Theorem 4.1 The signless Laplacian degree sum distance energy of the complete bipartite 


graph Km n 18 














2n(m—n)(m—1 2m(m—n)(n—-1 
Oboes.) ( )( iG ( )( J 
m+n m+n 
: 4mn &: 4mn 
mea “Val eae Y2I/ > 








where 71 and y2 are the roots of the equation 


7? +2(n +m —4mn)y + mn(14mn — m? — n? — 8m — 8n + 4) = 0. 





Corollary 4.2 Ifm=1 we get star graph Ky, whose signless Laplacian degree sum distance 


energy 1s 


4n 
n+1 





2) (n —1) 4 











QEpsp(Kin) = | 








where y, andy, are roots of the equation, y? — 2(3n — 1)y — n(n? — 6n +5) =0. 


Theorem 4.3 The QEpsp of Ky —e is 


2H D+ (g Ae 


Pecan 





QEpsp(Kn-e) = | 











71 
n 


where 7 and 2 are roots of the equation,y? + (2n? — 8)y + (4n? — 20n? + 30n — 12) = 0. 


Theorem 4.4 The QEpsp of Ky +e is 























2(n? —n+2 
QEpsp(Kn+e) = | SES) ope Sy ale) a 
n+1 
2(n?2 —n +2 
EEE) 5, 1) + @n—2)(n—2) 
n+1 
2(n? —n +2) rn 2(n? —n +2) i 2(n? — n +2) 
n+l av n+1 a n+l Ws 
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where 71, Y2 and y3 are roots of the equation 


> — 2(2n + (n — 1)(n — 2))y? + (4(n? — 1)(n — 1) — 4n?(n — 1) 
(2n — 1)?(n — 1) — (n +1)? + 4n)y + 2((2n — 1)?(n — 1) + 4n3(n — 1) 
+(n — 1)* — 2n(n? — 1)(2n — 1)) = 0. 











Theorem 4.5 The QEpsp of KnO, Kn, is 











_ [4n(n— 1) 9 4n(n—1) 
QEpsp(KnO Kn) = ae (2n = 4) + bin 1) In 1 
4n(n — 1) 4n(n — 1) 
py ar Pa a er ef 














where 7, and 2 are roots of the equation y? — 2(n — 1)(3n — 1)y + 6(n — 1)? = 0. 


Theorem 4.6 The QEpsp of K,OcKn is 


2» 
QEpsp(KnOe Kn) = E (7 Z =) 











He. 
(2n )+b(* 
n—-1 n 


n2—-n-1 n?—-n-1 
1 2 + |y2 — 2 Se 
n—-1 n-1 

















where 71 and 2 are the roots of equation y?2 — 2n(3n — 5)y + 4(n — 2)(3n? — 6n + 2) = 0. 


§5. 


Conclusion 


We defined the Lpgp and Qpgp of a graph, obtained expressions for energy of some graphs. 
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81. Introduction 


Fixed point theory is an important part of mathematics. Moreover, it’s well known that the 
contraction mapping principle, which is introduced by S. Banach in 1922. During the last few 
decades, this theorem has undergone various generalizations either by relaxing the condition on 
contractivity or withdrawing the requirement of completeness or sometimes even both.Gahler 
[4] first introduce the concept of 2-metric space. Then many authors like Iseki [6], Rhodes 
[11], Simoniya [13], etc. investigating the existence of fixed point and common fixed point for 
various contractive mappings. Naidu and Prasad [10] prove that every convergent sequences in 
a 2-metric space need not be a Cauchy sequence. Recently, M. Akram [2] defined A-contraction 
on a metric space and proved some common fixed points theorems. G. Akinbo [1] generalize 
the result using the concept of weakly compatible mapping. V.Gupta et al. [5] , M.Saha et 
al. [12] also proved fixed point theorems on A-contraction in the 2-metric space. In this paper 
we prove some common fixed point theorem for five self mappings by using A-contraction and 


weak compatibility. 


§2. Definitions and Preliminaries 


Definition 2.1((4]) Gahler introduce 2-metric space as: 


Let X be a non-empty set and let d: X x X x X — [0,00) be such that 
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(1) To each pair of point x,y € Xwith x # y there exists a point z © X such that d(x, y,z) # 


(2) d(x, y, z) = Owhen at least two of the three points are equal; 
(3) For any x,y,z€X , d(x, y,z) = d(x, z,y) =dly, 2,2); 


Then d is called a 2-metric and (X,d) is called a 2-metric space. 


Let X denote a complete 2-metric space unless or otherwise stated instead of (X, d). 


Definition 2.2 A sequence {x,} in X is called a Cauchy sequence when d(in,tm,a) > 0 as 
n,m — 0. 


Definition 2.3 A sequence {xn} in X is said to be converge to an element x in X when 
d(an,x,a) +0 asn—- ov. 


Definition 2.4 A 2-metric space (X,d) is said to be complete if every Cauchy sequence in X 
converges to a point of X. 


Definition 2.5 Two self maps A and B of a 2-metric space (X,d) are said to be compatible 
if lim d(ABz,, BAx,,a) = 0 for alla € X , where {xp} is a sequence inX such that if 
noo 


lim Az, = lim Br, = x for some x in X. 
noo noo 


Definition 2.6 Let A and B be mappings from a metric space (X,d) into it-self. A and B are 
said to be weakly compatible if they commute at their coincidence point i.e, Ax = Ba for some 
xin X implies ABx = BAz. 


Definition 2.7 On the other hand Akram [2] defined A-contraction as follows: 
Let a non-empty set A consisting of all functions a: R?. + Rx satisfying 


(1) A is continuous on the set Re of all triplet of non negative real’s (with respect to the 
Euclidean metric on R3); 

(2) a < kb for some k € [0,1) whenever a < a(a,b, b)or a < a(b,a,b) or a < a(b,b,a) for 
all a, bE Ry. 


Definition 2.8 A self map T on a 2-metric space X is said to be A-contractions if for each 
we X, 


holds for alla,y€ X andae A. 
§3. Main Results 


Theorem 3.1 Let F,G,S,T and h be five continuous self mappings of a complete 2-metric 
space (X,d), such that T(X) C G(X) and S(X) Cc F(X). Assume h is an injective mapping. 
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If S(X) or T(X) is a complete subspace of X and satisfy 
d(hSz,hTy,u) < a{d(hGa,hFy,u),d(hGz,hSz,u), d(hFy, hTy, u)} (3.1) 


wherea € A and for allx,y,u € X. Suppose further that (T, F) and (S,G) are weakly compatible 
subspace of X, then (S,G,h) and (T, F,h) have a coincidence point in X. Also, F,G,S,T and 


h have a uniquely common fixed point in X. 


Proof Here, F,G,S,T and h be self maps of 2-metric space . Let xp be any point in 
X and as S(X) Cc FX),T(X) C G(X) then there exists 71,72 in X such that Sap = Fa , 
Tx = Gro, Sxg = Fx3 ---. Inductively, we can construct sequences {x,} and{y,,} in X such 
that 


Yn = hSa, = hFxy+, when n is even, 





Yn = AT Ly = hGen+2, when n is odd. 


Now, we will prove that {y,,} is a Cauchy sequence. Assuming n € N is even, then 


A(Yns Yn-+15 U) = d(hSan, hTen41,u) 
< af{d(hGay, hF ani, u), UhGen, hSan,u),d(hFan41,hTetn41,u)} (by (3.1)) 
a a{d(yn—1, Yn, U4), UYn—1, Yns UV), U(Yns Yn+1, U)} < kd(yn—1, Yn; U); (3.2) 


where & € [0,1) asa € A. 


When, n € N is odd, then 


UYn,Ynti,U) = dhT ry, ASty41,u) = d(hSXn41,hT xp, u)) 
< af{d(hGan41,hF en, u), UhGen41,hSen41,u), d(hF an, hTxn,u)} (by (3.1)) 
oo a{d(yn, Yn—1,U), UYns Yn41,U), U(Yn—15 Yn, U)} < kd(Yn—1, Yns¥), (3.3) 


where k € [0,1) (as € A). 
Thus, whether n is even or odd, we have 
CYny Yn+1,U) S kd(Yn—1, Yn; U) 
for some k € [0, 1). 


Inductively, 


A(YnsYnti.¥) < kd(yn—1,Yn,U) < k?d(yn—2; Yn—1,¥) 


x 


for some k € [0,1). 
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Now, 


d(Yn; Yn4+2) u) < dyn; Yn+2) Yn+1) Tr d(Yn, Ynt+1> u) ab d(Yn41, Yn+2) u) 
1 

















= (Yn, Ynt2)Ynti) + S- AYntrs Yntryi, U). (3.5) 
r=0 
When n is even, 
A(Yn, Ynt+2,Yn4t1) = AYn41,Yn42, Yn) = AhT2n41, hSIn+2,Yn) 


d(hSan+2,hT2n41,Yn) 

a{d(hGrn42,hFatn41, yn), U(hGrn42, hStn+2, Yn), (AF 2n41,hT2n41,Yyn)} 
(by (3-1)) 

=  afd(yn+1, Yn; Yn), UYn+1; Yn+2,Yn),A(Yn, Yn+1, Yn) } 

a{0,d(Ynt1,Yn+2, Yn), 0} Sk-0=0. 


IA 


Similarly, when n is odd we can find d(Yn, Yn+2, Yn41) = 0. 
So, from (3.5) we get 


1 


A(Yns Ynt+2,U) < s AYntrs Yntrti, U). 
r=0 


Similarly proceeding as above we will get 


p-l 


S- A(Yntr, Yntr+1) u) 
r=0 


= (k” i Rete Neti Yn+r+1) u) 
= kL —k?)/(1— k)d(yntrs yntrtis ¥) 
< k"/(1 a k)d(Yntrs Yn+r+1)> u). 


IA 


d(Yn, Untps u) 





Taking lim on the above inequality we get, limn—oo d(Yn,Yn+p,u) < 0 as k € [0,1), Which 
noo 
shows that {y,} is a Cauchy sequence in X. 


Since, T'(X) is complete then {y,, } converges to a point z in T(X), and since, T(X) Cc G(X), 
then there exists a point q in X such that Gq = z. and as h is injective so 


hGq = hz. (3.6) 
Now, let hSq 4 hz and 
lim Yn = Z (aS Yn Converges to z). (3.7) 


Now, 


d(hSq, hz,u) < d(hSq, hz, hTym) + d(hS'q, hTym,u) + d(hT ym, hz, u). (3.8) 
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Now, 


A(ASGhTYym,u) < a{d(hGg, hFym,u),d(hGg, hSq,u),d(hFym,hTym,u)} (by (3-1) 
a{d(hz, hz,u), d(hz,hSq,u), d(hz, hz, u)} 
= af{0,d(hz,hSq,u),0} <k-0=0. 


I 


Using the above value and taking lim we get from (3.8) 
noo 
d(hSq, hz,u) < d(hSq,hz,hz) +0+ d(hz,hz,u) =04+0+0=0. 
So, 
hSq = hz. (3.9) 


Now, from (3.6) and (3.8) we get that 
hGq = hz = hSq. (3.10) 


Since S(X) C F(X), we know that there exists a point v € X such that Fv = z or 
hFvu = hz, ie., 
hFv = hSq = hz = hGgq. (3.11) 


Now, 
d(hz,hTv,u) = d(hSq,hTv,u) 
< af{d(hGq, hFv,u), d(hGq, hSq,u),d(hFv, hTv,u)} (by (3.1)) 
= af{d(hz,hz,u),d(hz,hz,u),d(hz,hTv, u)} 
= a{0,0,d(hz,hTv,u)} <k-0=0. 


So, ATv = hz as wis a arbitrary point in X. Thus, 








AFv =hTv = hz = hGq=hSq. (3.12) 


As, (F,T) and (5,G) are weakly compatible pair, then F,T are commute at v and S,G 
are commute at q. So that, 


hFz = F(hz) = F(hTv) =T(hFv) =T (hz) = hTz 


and 
hSz = S(hz) = S(hGq) = G(hSq) = G(hz) = hG2z( by (3.12)). (3.13) 


Now, 
d(hSz,hz,u) = d(hSz,hTv,u) < a{d(hGz,hFv,u), d(hGz, hSz,u),d(hFv,hTv, u)} (by (3.1)) 


a{d(hsz,hz,u),d(hSz,hSz,u),d(hz, hz,u)} (by (3.12) & (3.13)) 
= a{d(hsz,hz,u),0,0} <k-0=0. 
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So, hASz = hz, ie., Shz = hz.. 


Thus, 
hz is a fixed point of S. (3.14) 


From (3.13) we get, hSz = hz = hGz = Ghz, ie., 
hz is a fixed point of G. (3.15) 


Now, 


d(hz,hTz,u) 


d(hSz,hTz, u) 

< af{d(hGz,hFz,u),d(hGz,hSz,u),d(hFz,hTz, u)} (by(3.1)) 
= af{d(hz,hTz,u),d(hz,hz,u),d(hTz, hTv, u)} 

= a{d(hz,hTz,u),0,0} <k---0=0. 


So, AT z = hz and Thz = hz = hFz = Fhz (by (3.13)). Thus, 
hz is a fixed point of T and F. (3.16) 
As h is an injective function so, hz = z ice., 
z is a fixed point of h. (3.17) 


From (3.14), (3.15), (3.16) and (3.17), we get that z is a fixed point of S,G,T, F and h. 


To prove the uniqueness, let r be another fixed point of S,G,T,F and h such that r ¥ z. 
Then, 


d(z,r,u) = d(hSz,hTr,u) < a{d(hGz,hFr,u),d(hG@z,hSz,u),d(hFr, hTr, u)} 
= at{(z,7,u), (2, 2,4); (7,7, u)} = a{(z,r,u), 0,0} <k-0=0. 











So z =r, i.e.,z is a unique common fixed point of S,G,7,F and h. 





Theorem 3.2((1],[5]) Let F,G,S and T be continuous self mappings of a complete 2-metric 
space (X,d), such that T(X) C G(X) and S(X) Cc F(X). If S(X) or T(X) is a complete 
subspace of X and satisfy 


d(Sx,Ty,u) < a{d(Ge, Fy, u),d(Gax, Sa,u),d(Fy, Ty, u)}, (3.18) 


wherea € A and for allx,y,u © X. Suppose further that (T, F) and (S,G) are weakly compatible 
subspace of X, then (S,G) and (T, F) have a coincidence point in X. Also, F,G,S and T have 


a common unique fixed point in X. 


Proof If we put h = I, the identity mapping in our main results, then the theorem 














immediately follows. 
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Theorem 3.3 LetF,G,S,T and h be five continuous self mappings of a complete 2-metric 
space (X,d) and let{S,}°2, and {T,}°2, be sequence on S' and T such that T,(X) C G(X) 
and S,(X) C F(X). Assume h is an injective mapping. If S(X) or T(X) is a complete subspace 
of X and satisfy 


d(hS;x,hT;y, u) < a{d(hGa, hFy, u), d(hGz, hS;x,u), d(hFy, hTyy, u)}, (3.19) 


where a € A and for all x,y,u € X. Suppose further that (T,,F) and (S,,G) are weakly 
compatible subspace of X, then (Sn,G,h) and (Ty, F,h) have a coincidence point in X. Also, 
F,G,Sn,Tn and h have a common unique fixed point in X. 


Proof For any arbitrary x9 € X and n = 0,1,2,3--- following a similar argument as in 
Theorem 3.1 we can define a sequence {y/,} in X such that 


Yn = Sinn =hF en 41 


when n is even and 
/ 
Yn = AT ty = hGen4+2, 


when n is odd. 
Now, for each i = 1,3,5,--- and j = 2,4,6,---, we get from (3.19) 


d(y}, Yost u) < kd(y}-1, Yj, u) 
and 


(yj, 5419 u) < kd(yj—1 Y5> u), 


AY. Una) < kd(yn—15 Yn Y)s eS 1,2, eee 


By induction ( as in the proof of Theorem 3.1) we have 


Yrs Yntis¥) < k"d(yo, yi, ¥) 


for some k € [0, 1). Consequently sequence {y/,} is Cauchy in X. The rest of the proof is similar 











to the corresponding part of the proof of Theorem 3.1. 





Conclusion Our main result is a generalization and improve result of the existing results in 
this literature. We generalize the results of G. Akinbo [1], M.Saha and D. Dey [2], and many 
others. 


References 


[1] G.Akinbo et al., A note on A-Contractions and common fixed points, Acta Universitatis 
Apulensis, 23(2010), 91-98. 
[2] M. Akram et al., A general class of contractions: A-contractions, Novi Sad J. Math., 








10 


11 


12 


13 


14 





Common Fixed Point of Five Self Maps for a Class of A-Contraction on 2-Metric Space 69 


38(1)(2008), 25-33. 

S. De Sarkar and Kalishankar Tiwary, Some common fixed point theorems for contractive 
type compatible mappings in 2-metric spaces, Journal of Mathematics, II, 2(2009), 181-194. 
S.Gahler, 2-metrische raume and ther topogosche struktur, Math.Nache., 26(1963), 115- 
148. 

V.Gupta et.al., Some common fixed point theorems for a class of A-contractions on 2-metric 
space, Int. J. pure and appl. Math., 78(6)(2012),909-916. 

K.Iseki, Fixed point theorems in 2-metric spaces, Math.Sem.Notes. Kobe. Univ., 3(1975), 
133-136. 

G.Jungck, Compatible mappings and common fixed points, Internat. J. Math. and Math. 
Sct., 9(1986), 771-779. 

G.Jungck, Common fixed points for commuting and compatible mappings on compacts, 
Proc. Amer. Math. Soc., 103(1988), 977-985. 

G.Jungck and B.E.Rhodes, Fixed point theorems for compatible mappings, Internat. J. 
Matha and Math. Sci., (3) 16(1993), 417-428. 

S.V.R.Naidu and J.Rajendra Prasad, Fixed point in 2-metric spaces, Ind. J. Pure and 
Appl. Math., (8)17(1986), 974-993. 

B.E.Rhoades, Contraction type mapping on 2-metric spaces, Math. Nacher, 91(1979), 151- 
155. 

M.Saha, D.Dey, Fixed point theorems for a class of A-contractions on 2-metric space, Novi 
sad J. Math., 40(1),(2010), 3-8. 

N.S.Simoniya , An approach to fixed point theorem in a 2-metric apace, The Math. Edu- 
cation, 27(1993), 8-10. 

Kalishankar Tiwary, T.Basu, $.Sen, Some common fixed point theorems in complete metric 
spaces, 21(4)(1995), 451-459. 


International J.Math. Combin. Vol.1(2020), 70-76 


On Some Properties of Mixed Super Quasi Einstein Manifolds 


Dipankar Debnath 


(Department of Mathematics, Bamanpukur High School(H.S), Nabadwip, India) 


Nirabhra Basu 
(Department of Mathematics, The Bhawanipur Education Society College, Kolkata-700020, West Bengal, India) 


E-mail: dipankardebnath123@gmail.com, nirabhra.basu@thebges.edu.in 


Abstract: In this paper we have studied Ricci-pseudo symmetric mixed super quasi Ein- 
stein manifolds and Ricci-semi symmetric mixed super quasi Einstein manifolds. Finally, we 


get relation mixed super quasi Einstein manifold. 


Key Words: Mixed super quasi Einstein manifold, Ricci-pseudo symmetric, Ricci-semi 


symmetric manifold. 


AMS(2010): 53C25, 53D10, 53C44. 


§1. Introduction 


The notion of quasi Einstein manifold was introduced in a paper [8] by M.C.Chaki and R.K.Maity. 
According to them a non-flat Riemannian manifold (M",g),(n > 3) is defined to be a quasi 
Einstein manifold if its Ricci tensor S' of type (0,2)satisfies the condition 


S(X,Y) =ag(X,Y)+bA(X)A(Y) (1.1) 
and is not identically zero,where a,b are scalars, b 4 0 and A is a non-zero 1-form such that 
g(X,U) = A(X), VX €TM, (1.2) 


U being a unit vector field. In such a case a,b are called the associated scalars. A is called 
the associated 1-form and U is called the generator of the manifold. Such an n-dimensional 
manifold is denoted by the symbol(QE)n. 

Again, in [15], U.C.De and G.C.Ghosh defined generalized quasi Einstein manifold. A 
non-flat Riemannian manifold is called a generalized quasi Einstein manifold if its Ricci-tensor 
S of type (0,2) is non-zero and satisfies the condition 


S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y) (1.3) 
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where a,b,c are non-zero scalars and A, B are two 1-forms such that 
g(X,U)=A(X) and g(X,V) = B(X), (1.4) 
where, U,V being unit vectors which are orthogonal, i.e, 
g(U,V) =0. (1.5) 


This type of manifold are denoted by G(QE)n. 
Chaki introduced super quasi Einstein manifold [10], denoted by S(QF),,, where the Ricci 
tensor S' of type (0,2) which is not identically zero satisfies the condition 


S(X,Y) = ag(X,Y) + bA(X)A(Y) + c[A(X)B(Y) + A(Y)B(X)] + dD(X,Y) (1.6) 


where a,b,c,d are non-zero scalars of which, A,B are two non zero 1-forms defined as (1.4) 
and U,V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero 
trace which satisfies the condition 


D(X,U)=0 VWXETM. (1.7) 


In such case a, b,c, d are called the associated scalars, A,B are called the associated main 
and auxiliary 1-forms, D is called the associated tensor of the manifold. Such an n-dimensional 
manifold shall be denoted by the symbol S(QE)p. 

In the recent papers [2],{4], A-Bhattacharyya and T.De introduced the notion of mixed 
generalized quasi Einstein manifold. A non-flat Riemannian manifold is called a mixed gener- 
alized quasi-Einstein manifold if its Ricci tensor S of type (0,2) is non-zero and satisfies the 
condition 


S(X,Y) =ag(X,Y)+b0A(X)A(Y) + cB(X)B(Y) + d[A(X) B(Y) + B(X)A(Y)] (1.8) 
where a, b,c,d are non-zero scalars, 
g(X,U) = A(X) and g(X,V) = B(X) (1.9) 


g(U,V) =0 (1.10) 


where, A,B are two non-zero 1-forms, U and V are unit vector fields corresponding to the 
1-forms A and B respectively. If d = 0, then the manifold reduces to a G(QE),,. This type of 
manifold is denoted by MG(QE)n. 

We introduced mixed super quasi Einstein manifolds [5],[11],[18]. A non-flat Riemannian 
manifold (M™”,g),(n>3) is called mixed super quasi Einstein manifold if its Ricci tensor S' of 
type (0,2) is not identically zero and satisfies the condition 


S(X,Y) = ag(X,Y)+bA(X)A(Y) + cB(X)B(Y) 
+d[A(X)B(Y) + B(X)A(Y)] + eD(X,Y) (1.11) 
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where a,b,c, d,e are non-zero scalars, A, B are two non zero 1-forms such that 
g(X,U)=A(X) and g(X,V) = B(X) VX €TM, (1.12) 


and U,V being mutually orthogonal unit vector fields, D is a symmetric (0,2) tensor with zero 
trace which satisfies the condition 


D(X,U)=0. VX. (1.13) 


In such case a, b,c, d, e are called the associated scalars, A, B are called the associated main 
and auxiliary 1-forms, D is called the associated tensor of the manifold.Such an n-dimensional 
manifold shall be denoted by the symbol MS(QE),. 


§2. Preliminaries 


We know in a n-dimensional (n > 2) Riemannian manifold the covariant quasi conformal 
curvature tensor is defined as ([3],[7],[17]) 





C(X,Y,Z,W) = 4R(X,Y,Z,W)+6[S(Y, Z)g(X,W) — S(X, Z)g(Y, W) 
+9(Y, Z)9(QX,W) ~ 9(X,W)9(QY, Wy) - *[ 4 
+26][9(¥, Z)g(X,W) — 9(X, Z)9(¥, W)] (2.1) 
where ; 
g(C(X,Y)Z,W) = C(X,Y,Z,W). (2.2) 


The projective curvature tensor is denoted by P(X,Y,Z,W) and in a V,(n > 2) it is 
defined as 


P(X, Y,Z,W) =R(X,Y, Z,W) — [S(Y, Z)g(X,W) — S(Y,W)g(X, W)]. (2.3) 


n—-1 


§3. Ricci-Pseudo Symmetric Mixed Super Quasi Einstein Manifold 


An n-dimensional semi-Riemannian manifold (IM, g) is called Ricci -pseudo symmetric [12] if 
the tensor R.S and Q(g,S) are linearly dependent, where 


(R(X, Y).S)(Z,W) = —S(R(X,Y)Z,W) — S(Z, R(X, Y)W), (3.1) 
Q(g,S)(Z,W; X,Y) = —-S((X AY)Z,W) — S(Z,(X AY)W) (3.2) 

and 
(X AY)Z = Gg (Y, Z)X — g( X,Z)Y (3.3) 


for vector fields X,Y, Z,W on M”, R denotes the curvature tensor of M” [19]. 
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The condition of Ricci-pseudo symmetricity is equivalent to the relation 
(R(X, Y).5)(Z,W) = LsQ(9,5)(Z,W; X,Y), (3.4) 


which holds on the set 
U,= {cE M:S 4 —g at 2}, 


where L, is some function on U, [19]. If R.S = 0 then the manifold is called Ricci-semi 
symmetric. Every Ricci-semi symmetric manifold is Ricci-pseudo symmetric but the converse 
is not true [1],[6],[9],{12],[13],[19]. 


Theorem 3.1 In a Ricci-pseudo symmetric mized super quasi Einstein manifold the following 
relation holds 


R(X,Y,U,V) = L[A(Y)B(X) — A(X) B(Y)]. 
Proof Let the manifold be Ricci-pseudo symmetric. Then from (3.1) and (3.4) we get 


Using (3.2) in (3.5), we get 


S(R(X,Y)Z,W)+S(Z,R(X,Y)W) = Le[g(¥,Z)S(X,W) - 9(X,Z)S(Y,W) 
+9(¥, W)S(X, Z) — 9 X,W)S(Y, 2)]. 


Since the manifold is a mixed super quasi Einstein manifold, Using the well - known 
properties of curvature tensor R we obtain 





b[A(R(X, Y)Z)A(W) + A(R(X,Y)W)A(Z)] + cl B( R(X, Y)Z)B(W) + B(R(X, Y)W)B(Z)] 
+d[A(R(X,Y)Z)B(W) + B(R(X,Y)Z)A(W) + A(R(X, Y)W)B(Z) + BUR(X, Y)W)A(Z)| 
+e[D(R(X,Y)Z,W) + D(R(X, een 

= Le{blg(¥, Z)A(X)A(W) — G(X, Z)a(Y)A(W) + g(¥, W) A(X) A(Z) — G(X, W)A(Y)A(Z)] 
+elg(Y, Z)B(X) BWW) — g(X, Z)B(Y)B(W) + g(¥, W)B(X)B(Z) — g(X,W) B(Y)B(Z)| 
+d[g(¥, Z)A(X)B(W) + oY, Z)B(X)A(W) — 9(X, Z)A(Y) B(W) — g(X 2)BY)AWW) 
+9(¥, W)A(X)B(Z) + oY, W)A(Z)B(X) — g(X,W)A(Y) B(Z) — G(X, W)A(Z)B0") 
+elg(Y, 2)D(X,W) — g(X, Z)D(Y,W) + g(¥,W) D(X, 2) — g(X,W) DY, Z)]}- (3.7) 








Putting Z = W =U in (3.7) we obtain 
2d{ R(X, Y,U,V)} = L,{2d[A(Y)B(X) — A(X) B(Y)]} =0. 


Since d 4 0, we get 
R(X, Y,U,V) = L.[A(Y)B(X) — A(X) B(Y)). (3.8) 











Hence the theorem follows. 
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§4. Ricci-Semi Symmetric Mixed Super Quasi-Einstein Manifold 


An n-dimensional manifold (M/”,g) is called semi-symmetric [13] if R(X;Y)-S =0,V X,Y, 
where R(X;Y) denotes the curvature operator. 


Theorem 4.1 In a Ricci-semi symmetric mixed super quasi Einstein manifold satisfy the 
condition 


(a + b)R(X,Y,U,U) + dR(X,Y,U,V) =0. 
it Proof We know 


(R(X, Y).S)(Z,W) = —S(R(X,Y)Z,W) — S(Z, R(X, Y)W) and R(X,Y).S =0 


which implies 
S(R(X,Y)Z,W) + S(Z, R(X, Y)W =0. 


ag(R(X,Y)Z,W) + bA(R(X, Y)Z)A(W) + cB(R(X, Y)Z)B(W) 
+d{A(R(X,Y)Z)B(W) + BUR(X, Y)Z)A(W)} + eD(R(X, Y)Z, W) 

+ag(R(X, YW, Z) + bA(R(X yw )A(Z) + cB(R(X, Y)W)B(Z) 
+d{A(R(X,Y)W)B(Z) + BIR(X,Y)W )A(Z)} + eD(R(X,Y)W, Z) = 0. (4.1) 











Putting Z = W =U in (4.1) we get 


(a +b) A(R(X, Y)U) + dB(R(X,Y)U) =0. 





(a + b)R(X,Y,U,U) + dR(X,Y,U,V) =0. (4.2) 











Hence the theorem follows. 





§5. Mixed Super Quasi Manifolds Satisfying the Condition C-S=0 


Theorem 5.1 In a mized super quasi Einstein manifold with the condition C-S=0 satisfy 


(a + b)4R(X,Y,U,U) + daR(X,Y,U,V) + d(a, +b; + 1) [A(X)B(Y) — A(VY)B(X)] 
+dey (a1 +b: + ¢1)[A(X)B(Y) — A(Y)B(X)] = 0. 


Proof From condition C.S = 0 we get 


S(C(X,Y)Z,W) + 8(Z,C(X,Y)W =0 
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for all vector fields X,Y, Z,W on (M™,g), i-e., 


ag(C(X,Y)Z,W) + bA(C(X, Y)Z)A(W) + cB(C(X, Y)Z)B(W) 
+d{A(C(X,Y)Z)B(W) + B(C(X,Y)Z)A(W)} + eD(C(X, Y)Z,W) 
+ag(C(X,Y)W, Z) + bA(C(X, Y)W)A(Z) + cB(C(X, Y)W)B(Z) 


+d{A(C(X,Y)W)B(Z) + B(C(X, Y)W)A(Z)} + eD(C(X, Y)W, Z) = 0. (5.1) 








Putting Z = W =U in (2.7) we obtain 
(a + b)C(X, Y,U,U) + dC(X,Y,U,V) =0. (5.2) 
Using (1.11) in (2.1) and putting 7 = W =U we get 
C(X,Y,U,U) = 4R(X,Y,U,U). (5.3) 


Using (1.11) in (2.1) and putting Z = U and W = V we obtain 





C(X,Y,U,V) = GR(X,Y,U,V) + (a1 + b1 + e1)[A(X)B(Y) — A(Y) B(X)] 
+e;[A(X)D(Y,V) — A(Y)D(X,V)], (5.4) 
where 
r. @ , , 
ay = tle 1 T 2b] 2ab}, 
bb = bb, cy = cb, dy = db and €, = eb. 


Using (5.3) and (5.4) in (5.2) we get 


(a+ d)4R(X,Y,U,U) + daR(X,Y,U,V) + d(ar + bi + c1)[A(X)B(Y) — A(Y)B(X)] 
+  de;(a; +b; + 4) [A(X) B(Y) — A(Y) B(X)] = 





So 
— 
of 
oO 
wa 


Corollary 5.1 In a mized super quasi Einstein manifold with the condition P.S=0 satisfying 
the condition (a + b)R(X, Y,U,U) + dR(X,Y,U,V) =0. 
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Abstract: An L(3, 2, 1)-labeling of a graph G is an assignment f from the vertex set V(G) 
to the set of non-negative integers such that |f(x) — f(y)| > 3 if « and y are adjacent, 
|f(x) — f(y)| > 2 if x and y are at distance 2, and | f(x) — f(y)| > 1 if a and y are at distance 
3, for all 2 and y in V(G). The L(3, 2, 1)-labeling number k(G) of G is the smallest positive 
integer k such that G has an L(3,2,1)-labeling with k as the maximum label. In this paper, 
we determine the L(3,2,1)-labeling number for fan, double fan, wheel, friendship graph in 


terms of the maximum degree of the graphs. 


Key Words: L(3,2,1)-labeling, channel assignment, wheel, k-number. 
AMS(2010): 05C78. 


§1. Introduction 


In this era of communication technology, the growth of FM radio and televisions are increasing 
day by day. We have to assign a channel (non-negative integer) to each television station in 
a set of given stations such that there is no interference between stations and the span of the 
assigned channels is minimized. The level of interference between any two television stations 
correlate with their locations. If stations are closer then the interference is more and their 
broadcast will be disturbed. Thus, the channel assignment problem is a mathematics problem 
in which we have to assign a channel to each station in a set of given stations such that there 
is no interference in the broadcast, which is optimal. 

Hale introduced a graph model of the channel assignment problem in 1980 [1]. Robert 
modified this with stations which are ”close” and ”very close” which correspond to stations 
at. distance two and stations at distance one in graph theoretic terms [2]. The mathematical 
abstraction of this problem was introduced by Griggs and Yeh as L(2,1) problem [3]. An 
L(2,1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set of non- 
negative integers such that |f(a) — f(y)| > 2 if # and y are adjacent and |f(«) — f(y)| > lifa 
and y are at distance 2, for all x and y in V(G). But, practically, interference among channels 
may go beyond two levels. Liu and Shao modified the above problem, by considering stations 
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at distance 1, 2 and 3 and it was called as L(3,2,1) problem [4]. 


An L(3, 2, 1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set 
of non-negative integers such that | f(a) — f(y)| > 3 if x and y are adjacent, |f(a) — f(y)| > 2 
if x and y are at distance 2, and |f(a) — f(y)| > 1 if x and y are at distance 3, for all x and y 
in V(G). The L(3, 2, 1)-labeling number k(G) of G is the smallest positive integer k such that 
G has an L(3, 2,1)-labeling with k as the maximum label. 


Here, we consider only a simple, finite, connected, undirected graph without loops or 
multiple edges. For standard terminology and notation, we follow Bondy and Murty [5] or 
Murugan [6]. 


§2. Known Results 


Jean Clipperton et al., [7] determined the £(3,2,1)-labeling number for paths, cycles, cater- 
pillars, n-array trees, complete graphs and complete bipartite graphs. Ma-Lian Chia et al.,[8] 
determined the L(3,2,1)-labeling number for Cartesian product of paths and cycles, and the 
power of paths. Also, they presented upper bounds for the L(3, 2, 1)-labeling numbers of general 
graphs and trees. Shao [9] determined bounds for the L(3,2,1)-labeling numbers for Kneser 
graphs, extremely irregular graphs, Halin graphs. Liu and Shao [4] proved that for a planar 
graph G, k(G) < 15(A? — A +1), where A is the maximum degree of G. 


§3. Results 


Theorem 3.1 The L(3,2,1)-labeling number of a fan F,,, n > 5, is k(F,) = 2n +1. 


Proof The proof is divided into two cases following. 
Case 1. 1 is even. 


Consider a fan F;, = P, + 41, where v1, v2,--- ,Uz, W1,W2,-++ ,we2 are the vertices of P, 


and u denotes the vertex of Ky. 
Define f : V(P,) > NU {0} such that 


f (wi) 4i+1 if i=1,2,---,% and 
flu) = 0. 


I 
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First, we consider adjacent vertices. 








If(vs) — f(visa)| = 4é-1- (441) -1)| $433, €=1,2,--, 8-1, 
lf(u;)-— fw) = 44-1233, SL dyes i 
|f(wi) — f(wigs)| = [46 +1- (4041) 4+1)| =423, (SL 2p St, 
|f(wi) —f(w| = 444153, 4=1,2,---, 3, 
f(g) — fw) = [A(8) —1- (4 +1)] = [2n — 6] > 3 (since n > 5). 


Also, since the labels of vis and w,s are increasing by 4, distance 2 and 
distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F,) < 2n+1. 
Since the maximum degree of Fy, is n, k(F;,) > 2n +1 [8]. Hence k(F,,) = 2n + 1. 


Case 2. 1 is odd. 


Consider a fan F;, = P, + Ky, where vj, v2,°-- ,Unti, W1,W2,*** ,Wn=1 are the vertices of 
P,, and u denotes the vertex of Ky. 
Define f : V(F,,) > NU {0} such that 


f (vi) = 4i-1 if (SAD oe 
f(w:) = 4i+1 if i=1,2,---,254 and 
j@) =.0. 


First we consider adjacent vertices. 











|f(vs) — fit)| = [4i-1- (4041-1) =423, 1=1,2,---, 3-1, 
lf(v)—flu)| = 44-123, p12 
lf(wi) — f(wiga)| = [44+1-(40G41) +1] =453, i=1,2,---,4 4-1, 
lf(wi)-—f(u)| = 4¢4+123, ¢=1,2,---, 3, 
[f(vnsr) — f(wi)| = |4(*$4) -1- (4+ 1] = |2n — 4] > 3 (since n > 5). 


Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions 
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F,) < 2n + 1. Since the maximum 
degree of F;, is n, k(F,) > 2n+1 [8]. Hence k(F;,) = 2n +1. 














Theorem 3.2 The L(3,2,1)-labeling number of a double fan DF,,, n > 5, is k(DF,) = 2n+3. 
Proof The proof is divided into two cases following. 
Case 1. 1 is even. 


Consider a double fan DF, = P, + 2K, where vi, v2,--+ ,v2, Wi,W2,-++ , wa are the 
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vertices of P,, u and w denote the vertices of 2K,. 
Define f : V(DF;,) > NU {0} such that 











f(w) = 244-1) if ¢=1,2,---,2, 
f(u) = 2n4+1 and 
f(w) = 2n+3. 
First we consider adjacent vertices. For i = 1,2,--- ,5—1, 
[f(ve) — Frisa)| = 4G - DY) — {4G +1-1)—-)}] =|-4] 23. 
For i = 1,2,...,%, 
If(u) — fei) > LF (@) = F(vg)| = an +1- {4(S-1)}] =5 33. 
For i= 1,2,...,%, 
\t(w) — f(vs)| > |f(w) — F(og)| = [2n +3 -2n 4 4| =7 33. 
For i=1,2,...,2-1, 
[f(wi) — f(wita)| = [2+ 4@— 1) — {2+ 40 +1—D}] =|-4] 23. 
For i = 1,2,...,%, 
If (uw) — f(wi)| > Lf (w) — fwg)| = |2n+1- {244 (F-1)}] =3 23. 


For i= 1,2,... 


om 
99? 


n 


2 


|f(w) — f(wi)| 2 [f(w) — f(wa)| = 1 





jan +3 {2+4( 


If(vg) — fw) = |4($ -1) -2| = an - 6 33. sinc 


)y]-s28 


en>5. 


Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions 


are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(DF,,) < 2n 4 


Consider the subgraph Ky, such that u is the central vertex and v1, 


we are the end vertices of K,,,. Since the k-number of Ky, is 2n 4 


labeling, wu receives 0 or 2n + 1 [8] and so, in DF,,, w cannot assume a 





+ 3. 
U2,° °° » UB, W1, W2,°°° 3 
+ 1 and in any optimal 


ny integer in [0,2n + 1] 


as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DF,) > 2n+ 3. Hence, 


k(DF,,) = 2n +3. 
Case 2. 1 is odd. 


Consider a double fan DF, = P, + 2K,, where v1, v2,--- 


»Untl, W1,W2,°°° » Wet are the 
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vertices of P,, u and w denote the vertices of 2K,. 


Define f : V(DF,,) > NU {0} such that 





f(u) = 44-1) if i=1,2,---, 24, 
f (wi) 2+4(i-1) if a ea 
f(u) = ntl and 
fw) = 2n+3. 
First we consider adjacent vertices. For i = 1,2,-:- , nak ne 
If (va) — f(vinr)| = [4G - 1) - {40 +1-1)}] =| - 4] 23. 


Bor? = 1, 2,047) 














For i =1,2,--- ,® -1, 


|f(wi) — f(wita)| = [2+ 4@— 1) — {2+ 40 +1—-D}] =|-4] 23. 


mn+1-{a+4a("=4-1)l) 538 





Por tS, 2.009", 





If(u) — fwi)| 2 |F() — f(wasr)| = 





an n-1 
For 7 =1,2,---,7-, 





If(w) — F(wi)| > |f(w) — f(wasr)| = 





n+l 





F(oags) — £0) = [a -1)=2|=pn—4)>3 since n > 5. 


Also, since the labels of v;s and w;s are increasing by 4, distance 2 and distance 3 conditions 
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(DF;,) < 2n +3. 


Consider a subgraph /,,,, such that u is the central vertex and v1, v2,°++ ,Unti, W1,W2,°°° 5 
Wn-1 are the end vertices of Ky,,. Since the k-number of Ky, is 2n + 1 and ti any optimal 
labeling, u receives 0 or 2n + 1 [8] and so, in DF,,, w cannot assume any integer in [0,2n + 1 
as label. Thus, w has to be labeled at least with 2n + 3. That is, k(DF,,) > 2n +3. Hence, 
k(DF,,) =2n +3. 
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Theorem 3.3 The L(3,2,1)-labeling number of a wheel Wy, n > 6, is k(W,,) = 2n + 1. 


Proof The proof is divided into two cases following. 








Case 1. n is even. 
Consider a wheel W,, = Cy, + Ki, where v1, v2,--- ,Uz, W1, W2,--+ , wz are the vertices of 
C,, and u denotes the vertex of Ky. 
Define f : V(W,,) ~ NU {0} such that 
flu) = 4-1 if 1=1,2,---,%, 
fiw) = 4441 if 1=1,2,---, 3 and 
f(u) = 0. 
First we consider adjacent vertices. 
fv) — fvaa)| = [4i- 1-441) - Yl =|-41 33, 2=1,2,---,3, 
[f(wi) — f(wigi)| = [4e+1-(4@4+1)+1)/=|-4/ 23, += 1,2,---,5, 


2n—1-—5| =2n-6>33 (since n > 6), 


If(vg) — f(wi) 











If(wg)—-f)| = 
If(u)— fll 2 
If(u) — flwi)| 2 


In+1—-3)=2n-2>3 
f(u) — f(vr)| = 8, 
f(u) — f(wi)| =5, 


(since n > 6), 


i=1,2,---, 


N|3 


i=1,2,---, 


NIs 


Also, since the labels of u;s and w;s are increasing by 4, distance 2 and distance 3 conditions 
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(W,,) < 2n +1. Since the maximum 


degree of W,, is n, k(W,,) > 2n+ 1. Hence k(W,,) = 2n + 1. 


Case 2. 1 is odd. 


Consider a wheel W,, = Cy 


+ ky, where vj, w,v2,--: 


vertices of C,, and u denotes the vertex of Ky. 


Define f : V(W,,) > NU {0} 


such that 

= 4-1 if i=1,2,--- 
= 444+1 if i=1,2,--- 
= n+l, 

= 40) 


1Un=1, W1,W2,"** ,Wn=1 are the 
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First we consider adjacent vertices. 


If(vi) — f(vi4ia)| = |4i-1-(44+1)-1)|=423, 





lf(wi) — f(wina)| = |4¢+1—-—(4+1)+1)| =|-4| 23, 
i=1,2,---,% 4-1 








|f(vnsa) — f(wi) = |2n—2-1-—5|=2n-8233, (sincen > 6), 
|f(was1) — f(v1) = |2n—2+1-—3]/=2n—42>3, (since n > 6) 
[f(u) —f(v)| > |f(u) — f(vr)| = 3, P19 
|f(u) — f(wi)| > |f(u) — f(wr)| =5, é=1,2,--+, 252. 
Also, 
If(u) — f(w)] = 2n+], 
|f(w)—f(1)| = 2n+1-3=2n—2, 
|f(w) — f(v2)| = 2n+1—-7=2n-6. 





Also, since the labels of 14s and w,s are increasing by 4, and w lies between v,; and v2 with 
label 2n + 1, distance 2 and distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)- 
labeling and so k(W,,) < 2n +1. Since the maximum degree of W,, is n, k(W,) > 2n+1 [8]. 
Hence k(W,,) = 2n +1. 














Theorem 3.4 The L(3,2,1)-labeling number of a friendship graph F'S;, is k(F'S;,) = 4n +1. 


Proof The proof is divided into two cases following. 


Case 1. 1 is even. 


Consider a friendship graph FS, = nk2 + Ky, where vj, v2,--+ ,Un, W1,W2,°°* ,Wn are 
the vertices of FS, such that v; and vj41, 7 = 1,3,---,n— 1 are adjacent and w; and w;+1, 
i=1,3,---,n—1 are adjacent. Also u denote the vertex of Ky. 


Define f : V(F'S;,) > NU {0} such that 


fu) = 4-1 if 1=1,2,---,n, 
f(wi) 4i+1 if i=1,2,---,n, 
f(u) = 0. 


I 
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First we consider adjacent vertices. 














lf(vs) —f(viai)| = [46-1-(4G@41 -1)]=|-4] 23, 1=1,2,---,n-1, 
[f(ws) — f(winr)| = [4¢+1- (441) +1) =|-4] 23, $= 1,2,--- ,n—-1, 
lf(u) —f(vs)| > [fw —f(m)|=3, 1=1,2,---,n, 
lf(u)-—f(w)| = |fw)—-f(w)|=5, ¢=1,2,---,n. 








Also, since the labels of v;s and wjs are increasing by 4, distance 2 and distance 3 conditions 
are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F'S,,) < 4n +1. Since the maximum 
degree of F'S,, is 2n, 

kK(F'S,) > 2(2n) +1 =4n+1. 


Hence k(F'S;,) = 4n + 1. 


Case 2. 1 is odd. 


Consider a friendship graph F'S, = nk + Ky, where vy, v2,-°+ 5 Un—1, W1,W2,°°* ;Wn41 
are the vertices of FS, such that v; and vj41, 7 = 1,3,--- ,n—1 are adjacent and w; and w;+1, 
i=1,3,--- ,n are adjacent. Also u denote the vertex of Ky. 


Define f : V(F'S,,) > NU {0} such that 


f(v) = 4-1 if ¢=1,2,---,n-1, 
f (wi) Ai+1 if ¢=1,2,---,n—-2, 
f(wn-1) = 4n-1, 
f(r) = 4n-8, 
f(wn+1) 4n +1, 
) 


f(u 0. 


First we consider adjacent vertices. 





[f(vi) — f(vina)| = [4¢-1-(40+1)-1| =|-4| 23, 


lf(wi) — f(wita)| = [4¢+1—-(40+1) +1)| =|-4| 23, 








|f(Wn—2) — f(wn—-1)| = [4n—7— (4n— 1] =|— 6] 2 3, 
|f(Wn) — flwnsi)] = [4n—3—- (4n+1)| =|- 4] 2 8, 
If(u)—f(w)| 2 If)—-—ft)l=3, t=1,2,---,n-1, 








|f(u) — f(wi) 


W 


f(u) — f(wi)| =5, *=1,2,---,n41. 
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Also, since the labels of ujs (¢ < n—1) and wys (i < n—2) are increasing by 4, distance 2 and 


distance 3 conditions are satisfied. Therefore, f is a L(3,2,1)-labeling and so k(F'S,,) < 4n+1. 
Since the maximum degree of F'S,, is 2n, k(F'S;,) > 2(2n) + 1 = 4n+1. Hence 


84. 














k(F Sp) =4n +1. 


Conclusion 


Understanding the importance of channel assignment problem, researchers have contributed 


more on L(2,1)-labeling. In a pragmatic approach, conditions on distance two and distance one 


is not sufficient for channel assignment problem and so L(3, 2, 1)-labeling has its own importance 


and this work will encourage researchers towards this. 
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§1. Introduction 


In the fuzzy group theory , the classification of the fuzzy subgroups, most especially the finite 
p-groups cannot be underestimated. This aspect of pure Mathematics has undergone a dynamic 
developments over the years. For instance, many researchers have treated cases of finite abelian 
groups (see [2], [3]). The starting point for this concept all started as presented in [5] and [6] . 
Since then, the study has been extended to some other important classes of finite abelian and 
nonabelian groups such as the dihedral , quaternion, semidihedral, and hamiltonian groups. 

Although, the natural equivalence relation was introduced in [7], where a method to deter- 
mine the number and nature of fuzzy subgroups of a finite group G was developed with respect 
to the natural equivalence. In [1] and [3], a different approach was applied for the classifica- 
tion. In this work , an essential role in solving counting problems is played by adopting the 
Inclusion-Exclusion Principle. The process leads to some recurrence relations from which the 
solutions are then finally computed with ease. 


§2. Preliminaries 


Suppose that (G,-,e) is a group with identity e. Let S(G) denote the collection of all fuzzy 
subsets of G. An element A € S(G) is said to be a fuzzy subgroup of G if 
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(i) A(ab) > min{r(a), A(b)}, Va,bE G; 

(ii) A(a~) > A(a) for any a € G. 
And, since (a~')~1 = a, we have that A(a~!) = A(a), for any a € G. Also, by this notation and 
definition, \(e) = sup A(G) (see Marius [6]), which implies 


Theorem 2.1 The set FL(G) possessing all fuzzy subgroups of G forms a lattice under the 


usual ordering of fuzzy set inclusion. This is called the fuzzy subgroup lattice of G. 


We define the level subset 
AGg = {a € G/X(a) > B} for each 6 € [0,1] 


The fuzzy subgroups of a finite p-group G are thus, characterized, based on these level subsets. 
In the sequel, is a fuzzy subgroup of G if and only if its level subsets are subgroups in G. 
Theorem 2.1 gives a link between F'L(G) and L(G), the classical subgroup lattice of G. 

Moreover, some natural relations on S(G) can also be used in the process of classifying the 
fuzzy subgroups of a finite p-group G (see [6]). One of them is defined by: \ ~ ¥ if and only if 
(A(a) > A(b) => v(a) > v(b), Va,b € G). Also, two fuzzy subgroups A, y of G and said to be 
distinct if A x v. 

As a result of this development, let G be a finite p-group and suppose that A: G —> [0,1] 
is a fuzzy subgroup of G. Put A(G) = {1, B2,...,8,} with the assumption that 8, < B. > 
+++ > 6,. Then, ends in G is determined by X. 


AG'g, C AGg, C++: CAGg, =G (2-1) 
Also, we have that 
A(a) = 6 — > t = max{r/a € AGg,. } —> a € AG B,\AG B,_,, 


for anya € G and t = 1,--- ,k, where by convention, set AGg, = ¢. 


§3. Methodology 


In the sequel, the method that will be used in counting the chains of fuzzy subgroups of 
an arbitrary finite p-group G is described. Suppose that M,, Mo2,...,M, are the maximal 
subgroups of G, and denote by h(G) the number of chains of subgroups of G which ends in G. 
By simply applying the technique of computing h(G), using the application of the inclusion- 


exclusion principle, we have that: 


h(G@)=2(Sor(u,)- Se HM) +--- 4 (7 ( Fa ee 


l<ri<re<t 


In [5], the formula (3-1) was used to obtain the explicit formulas for some positive integers n. 
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Theorem 3.1((6]) The number of distinct fuzzy subgroups of a finite p-group of order p” which 
have a cyclic maximal subgroup is 


(1) A(Zpn) = 2”; 
(ii) h(Zp X Zpn—1) = h(Mpn) = 2"71[2 + (n — 1p). 


§4. The number of Fuzzy Subgroups for Z4 x Z4 


Lemma 4.1 Let G be abelian such that G = Z4 x Z4. Then, h(G) = 2h(Ze x Zo2) = 48. 


Proof By the use of GAP (Group Algorithms and Programming), G has three maximal 
subgroups in which each of them is isomorphic to Zz x Z 2. Hence, we have that 


I 


1 
5h(G) 3h(Zy x Zo2) — 3h(Ze x Zo2) + h(Z2 x Zo2) 


h(Za x Za). 


I 





Applying Theorem 3.1, h(Z2 x Zg2) = 24. => h(Z4 x Z,) = 48. 











Corollary 4.2 Following Lemma 4.1, h(Z4 x Zs), h(Z4 x Zo6),h(Z4 x Zor) and h(Z4 x Zo8) = 
1536, 4096, 10496 and 26112, respectively. 


Proposition 4.3 Suppose that G = Z4 x Zon,n > 2. Then, h(G) = 2"[n? + 5n — 2]. 


Proof G has three maximal subgroups of which two are isomorphic to Z2 x Zon and the 
third is isomorphic to Z4 x Zon-1. Hence, 


h(Z4 X Zon) = 2h(Zyq xX Zon) + 2'h(Zy x Zgn-1) + 2?A(Ze X Zgn-2) + 22h(Zq X Zgn-s) 
+2*h(Ze x Zona) +++ ++ 2" -*h(Za x Zy2) 


n—2 


2*12(n +1) + So((n +1) - J) 


j=l 





Qt) (O(n -+1)+ 
for n > 2. We therefore know that 


h(Z4 X Zon-1) 2”-1((n — 1)? + 5(n — 1) — 2) 


2-1 (n? + 3n — 6) 


I 











for n > 2. This completes the proof. 





Theorem 4.4([4]) Let G = Don x Co, the nilpotent group formed by the cartesian product of 
the dihedral group of order 2” and a cyclic group of order 2. Then, the number of distinct fuzzy 
subgroups of G is given by h(G) = 2?"(2n +1) — 2"*1 for n> 3. 


§5. 
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The Number of Fuzzy Subgroups for Dan x C4 


Proposition 5.1 Suppose that G = Dgn x C4. Then, the number of distinct fuzzy subgroups of 


G is given by 


n—-3 
22(n—2) (64n +173) +3 5° 2% 44 (2n + 1 — 2) 
j=l 
forn> 3. 
Proof Calculation shows that 
5h(Dan x C1) = h( Don x C2) aaicl 2h(Don-1 x C4) = 4h(Don-1 x C2) + h(Za x Zan-1) 


This completes the proof. 








—2h(Ze x Zan-1) _ 2h(Za x Zan-2) + 8h(Z2 x Zyn-2) + h(Zygn-1) = 4h(Zyn-2) 
= (w= 8)2??*? 4.979) (1460) 4+ 8" (Qn — 1) 42" Gn = 3) 2"? On — 5) 





n-3 
= (n—3).2°"4? 42°") (1460) +3 $> 2" (2n + 1 — 25) 
j=l 
n-3 ; 
= 2") dn + 173) +3 5° 27-4 (2n +1 — 23). 
j=l 
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§1. Introduction 


It is not uncommon that, the theory of retraction has always been one of the interesting topics 
in Euclidian and Non-Euclidian space and it has been investigated from the various viewpoints 
by many branches of topology and differential geometry [1-6]. 

Minkowski space is originally derived from the relativity in physics. In fact, a time like 
curve corresponds to the path of an observer moving at less than the speed of the light, a 
light-like curves correspond to moving at the speed of the light and a space like curves moving 
faster than light. The Minkowski 3-space E} is the Euclidean 3-space E? provided with the 
standard flat metric given by g = dx} + dx3 — dx, where (#1, x2, 73) is a rectangular coordinate 
system in E}. Since g is an indefinite metric, recall that a vector v € E} can have one of three 
Lorentzian causal characters, it can be space like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 
and light-like if g(v,v) = 0. Similarly, an arbitrary curve a = a(s) in E} can be locally space- 
like, time like or light-like, if all of its velocity vectors a‘(s) are respectively, space-like, time like 
or light-like respectively. A curve in Lorentzian space L” is a smooth map a: I > L” where I 
is the open interval in the real line R. The interval J has a coordinate system consisting of the 
identity map u of J. Space-like or time-like curve a(s) is said to be parametrized by arclength 


function s, if g(a’(s),a/(s)) =+1. The velocity of a att € Iisa’ = ce . Next, v,w in ER 








are said to be orthogonal if g(v, w) = 0. Vectors A curve a is said to be regular if a’(t) does 
not vanish for all in t in I, w € L” is space like if its velocity vectors a’ are space like for all 
t € I, similarly for time like and null. If a is a null curve, we can re-parameterize it such that 
(a’(t),a’(t)) = 0 and a’(t) £0 [3-8]. 
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§2. Preliminary Notes 


Let a(t) be a curve in the space-time in parameterized by arc length function s Lopez [9]. Then 
for the unit speed curve a(t) with non-null frame vectors, we distinguish three cases depending 


on the causal character of T(t) and its Frenet equations are as follows 


T 0 UK 0 T 
N = [UK 0 [QUT N 
B 0 [3UT 0 B 


We write the following subcases. 


Case 1. If a(s) is time-like curve in E}, then T is time-like vector and T’ is space-like vector. 
Then pj, 1< i <3 read py = fg = 1, u3 = —1 and T, B and N are mutually orthogonal vectors 
satisfying the equations g(N, N) = g(B, B) = 1, g(7,T) = —-1. 

Case 2. If a(s) is space-like curve in FE}, then T is space-like vector, since T’(s) is orthogonal 
to the space-like vector T(s), T’(s) is space-like, time-like or light-like. Thus we distinguish 
three cases according to T’(s). 


Subcase 2.1. If the vector T’(s) is space-like, N is space-like vector and B is time-like 
vector. Then, w;, 1 <i < 3 read py = —1, “2 = w3 = 1, where T,N and B are mutually 
orthogonal vectors satisfying equations g(T,T) = g(N, N) = 1 and g(B, B) = — 


Subcase 2.2 If the vector T’(s) is time-like, N is time-like vector and B is space-like 
vector. Then, w;, 1<7< 3 read py = po = w3 = 1, where T, N and B are mutually orthogonal 
vectors satisfying equations g(T,T) = g(B, B) = 1 and g(N,N) = -1. 


Subcase 2.3 If the vector T’(t) is light-like for all t¢, N(t) = T’(t) is light-like vector 
and B(s) is unique light-like vector with g(N, B) = —1 and it is orthogonal to T. The Frenet 


equations have 


T Ook 0 7 
N |=] 0 wr O N 
B 1 0 -vr B 


Case 3. If a(s) is light-like curve in E? and B(s) is unique light-like vector such that g(T, B) = 


—1 and it is orthogonal to N, the pseudo-torsion is rT = — (N’, B). Then the Frenet equations 
T 0 1 0O Ee 
N |=| vor 0 1 N 
B 0 vr 0 B 


Let a = a(t) be an arbitrary space-like curve in Minkowski space EF}. ue have & = vT, 
T= <. From Frenet equations we have T = v«KN. Then k = ia and N= 7 = Sip The 


vector product of N x T, gives us B= N x T. Using Frenet equations N =vsT —vrB. Thus 
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v = ||A&(t)|| to have the second curvature, and by inner product we obtain r = g ( Set. B). 


A subset A of a topological space X is called retract of X if there exists a continuous map 
r:X — A called a retraction such that r(a) = a for any a € A [2, 3, 6]. 


Let M and N be two smooth manifolds of dimensions m and n respectively. A map 
f : M — Nis said to be an isometric folding of M into N if and only if for every piecewise 
geodesic path y: I —- N the induced path foy: I — N is piecewise geodesic and of the same 
length as y, if f does not preserve the length it is called topological folding [4, 5, 6]. 


Definition 2.1((9-13]) We name that a helix is a curve where the tangent lines make a constant 
angle with a fixed direction. Helices are characterized by the fact that the ratio T/K is constant 


along the curve, where T and « denote the curvature and the torsion, respectively. 


Definition 2.2 Let u = (ui, u2,ug) and v = (v1, v2, 03) be vectors in E}, the vector product in 
Minkowski space-time E? is defined by the determinant 


(al €2 —€3 
UuAV=|] ur U2 UZ |, 


U1 «U2 U3 


where, €1,€2 and e3 are mutually orthogonal vectors (coordinate direction vectors), v denotes 


speed of the curve. 


§3. Main Results 


Lemma 3.1 Let H = {(acost, asint, bt)} be a helix in E}. Since (HH) =a’? —}b?, 








: —asint St b 
SHO Sefer. r=( asin a COS i 


Va? — 8] la? — 2)" Ja? — P| 


2B) = ab? af a® =, 
Pa ifar<b 


and (T,T) = 1 if a? > b?, then the helix H is space-like, and (T,T) = —1 if a? < b?, then the 
helix H is time-like and a null curve if a? = b?. 


Proof Consider three cases following. 


Case 1. Let H = {(acost,asint, bt)} be helix in E}. If a? > b?, then H(t) is a space like 
curve. Since T = a then 








TH —asint acost b 
Jla? = BY /a? = BI \/|a? = BI) 
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and so (T,T) =1, B=TxN, 





1 
B={ (bsint, —bcost, a N = {(— cost, — sint,0)} 
aes 


with curvature & = =“ and torsion T = . Also, 


a 


ees a? : 
7,7) = ; 7 = 
Ogee) l= yeae 


and T is a space-like vector and the Frenet equations in matrix notions are 




















T O vK O T 
N = —vK OUT N 
B 0 uT O B 
eC 
= Ja 0 TE (— cost, — sint, 0) 
0 Tan 0 sare (bsint, bcost, —a) 


Case 2. If a? < b?, then the helix H(t) is a time-like curve with (T,T) = —1. Since 








- —asint acost b 
Jla? = BY /a? = BI \/|a? = BI) 


and so N = {(—cost,—sint,0)}, B = Tx N, then B = 





Jeatape int bcost,—a) with 


curvature kK = pr qz and torsion T= p— os. Also, (7,7) — —S > 0, and T isa space-like 











vector and the Frenet equations in matrix notions are 

















- 0 vK =O T 
N = UK 0 UT N 
B 0 -vr O B 
0 sip 0 (Se, Hite le) 
= a 0 oO ( t int.0 
Vea? Vbe—a2 — cost, — sin t, 0) 
0 Tee 0 spe (bsint, bcost, —a) 


Case 3. The curve is light-like if a? = b? and we have v = Va? — b? = 0, then the tan- 
gent vector T undefined, and so to calculate the Frenet equation of H(t) re-parameterization 
by the pseudo arc length s. Let a = b = +. Thus, the equation of the light-like helix 
is H(s) = {4(cos(cs),sin(cs),cs)}, where the curvature « = 1, the tangent vector T(s) = 
{4(—sin(cs), cos(cs),1)}, the normal vector N(s) = T’(s) = {(—cos(cs),—sin(cs),0)}. The 
bi-normal vector B(s) is define as follows, since B(s) is a unique light-like vector then (1) 
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(B, B) =0. Also, (2) g(T, B) = —1, and since B is orthogonal to N then (3) (B, N) = 0. From 
(1), (2) and (3), then B(s) = $(sin(cs), —cos(es),1), 7 = —(N’, B) = e Then, the Frenet 
equations of H(s) in matrix notation are 





© 0 1 0 T 
N = ae N 
B 0 7 0 B 

0 1 0 + (—sin(cs), cos(cs), 1) 

= Be GG. (— cos(cs), — sin(cs), 0) 

0 == 0 §(sin(es), — cos(cs), 1) 














This completes the proof. 





Definition 3.2 Assume that H(t) = {(x1(t), ro(t), v3(t),--- ,Un(t))} t € domainH(t) is any 
non-null curve in Minkowski n-space E?. Then the retraction map of H(t) called projec- 
tion retraction with n —1 dimension defined as r;j(H) : {(x1(t), vo(t), v3(t),--+ ,an(t))} > 


(a1(t), o(t), 3(t),--- ,an(t)) — {(a;)} with {(ai)} = {(hia1(t), lexe(t),--- ,lnan(t))}, where 
ln =1 when n =i andl, =0 when n 4i, i,n EN, t € DomainH. 


Theorem 3.3 Let P(t) be a non-pseudo null space-like curve in E} with curvature k = 1 and 
constant torsion T, the projection retraction r;(P) = (a(t), v(t), v3(t),--- ,an(t)) — {(a:)}, 
i € {1,2,3}, s © Domainr;(P), then the Frenet apparatus of r;(P) can be formed by Frenet 
apparatus of P(t). 


Proof Let P(t) = {(acost, asint, bt)} be a non-pseudo null space-like curve P in E} with 
constant curvature. For the curve r;(P(t)) = (0, asint, bt), v, = \/a? cos(t) — b?. So 


r1(P(t)) = (acost, asint, bt). 


Differentiating this equation with respect to t, the tangent vector 


r.() = 21) - (0,0), 


Ur Ur 








the normal 








where, T = *,T, = %, T, = T(t) — (—acost,0,0). Then, « = Zl, y= 2 
vector of r1(P), 


= r 
ial’ 





Ur) Kp Kipv2 


2 
1 
N,(t) = ( as ) * Nit) (—acost,0,0) — v,T(t). 
And the bi-normal vector of r1(P) is 


B,(s) = "T,(s) — <Ni(s) = TPi(s) — =P'(s). 


On Helix in Minkowski 3-Space and its Retractions 95 


If r1(P) is a null curve and B,(t) = T, A N,, if r1(P) is a non-null curve. Similarly, we have 
the same proof for rg(P(t)) and r3(P(t)). 














Theorem 3.4 Let H(t) = {(acost, asint, bt)} be a helix in FE}. Then the Frenet equations of 
the y-z retraction projection r1(H) = {(0,asint, bt)} and the x-z retraction projection r2(H) = 
{(acos t, 0, bt)} can be formed by the Frenet equations of H(t). 


Proof Let H = {(acost, asint, bt)} and r;(H) = {(0, asint, bt)} be y-z retraction projec- 
tion of H(t) with constant curvature « 4 0 and 7 = 0 then the ratio T/« = 0 for any projection 
plan of r;(H). Hence, r1(H) is not a helix, *:(H) = (0,acost,b) and (71,71) = a? cos?(t) — b? 
for all t € domainr;(H), and we have three cases following. 


Case 1. If a? cos?(t) — b? > 0, the retraction r;(H) is a space-like curve with time like vector 
N,, 


absint 
vy = Va*cos?t—b?, Kp = 


(a? cos?(t) — b2)2 , 





From Lemma 3.1 and Theorem 3.3 we get 








T= 0 acost b 
> ” \/a? cos?(t) — Bb?’ \/a? cos?(t) — b? } ’ 








b acost 
N; = 0, , 
v/a? cos?(t) — b? \/a? cos?(t) — b? 


and the torsion is 7, = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction 


r1(H) in matrix notation are 

















va 0 vk, 0 T 
N = UVKp OUT N 
B 0 uT O B 
0 Peat 0 (0. fa? eae Vo tng} 
ratte = 90 || (0 ae stig) 
0 0 0 (1, 0,0) 


If a? cos*(t) — b? < 0, the retraction r1(H) is space-like curve with time like vector N,, 
vp, = Vb? — a? cos? t, Ky = absint . From Lemma 3.1 and Theorem 3.3 we get 


(b2 —a? cos? (t)) 2 














T= 0 acost b 
i y ry era a 2 72 ooe2 } 
\/b? — a? cos?(t) \/b? — a? cos?(t) 
—b —acost 
ert 0, Ee ey Et 2 Ho OAR 
\/b? — a? cos?(t) \/b? — a? cos?(t) 
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and the torsion is 7, = 0, k, > 0, B, = (1,0,0). Then, the Frenet equations of the retraction 
r,(H) in matrix notation are 


7 0 UKr O T 
N = UKr 0 UT N 


wy 
Oo 
| 
[coe 
4 
oO 
w 

















absin acost b 
0 pas oe (t) 0 (0. Jb? a? cos2(t)’ / 0? a? cos? 5) 
absint —b —acost 
be ae cos" (2) 0 (0, Jb? —a? cos? (t) : vb? -a? cos? (t) ) 
: - = (1,0,0) 


If a? cos?(t) — b? = 0, then the retraction r1(H) = {(0,asint, bt)} is a light like curve and 
the Frenet equations of the retraction r;(H) cannot appoints. 


Case 2. The helix H = {(acost,asint, bt)} and r2(H) = {(acost,0,bt)} is x-z retraction 
projection of the curve H(t), and (7,7) = a? sin?(t) — b? for all t € domainrz(H). WE have 
three cases should be discussed. 


If a? sin?(t) — b? > 0, then the retraction r2(H) is space-like, v = |7| = ,/a? sin?(t) — 62, 











r —asint b 
T = “_2 2 P| 
° le sin? (t) — b? le sin?(t) — b2 
and 
(7 t) _ —a?b? cos? (t) | i _ abcost 
(a2 sin2(t)— 2)? a? sin (t) — 62’ 


then T is time-like, (T,T) = 1. So, T is space-like with curvature 


bcost b —asint 
= a N= asin 


39 ’ 0, 
(a? sin? (t) — b?)? a2 sin?(t)—b2 4 /a? sin? (t) — b? 


and B = (0,—1,0), (B, B) = 1 > 0, which is positively oriented, and the torsion 7 = 0. Then, 
the Frenet equations of r2(H) in matrix notation are 























T QO vk, O T 
N a VK OUT N 
B 0 vr 0 B 
0 _abcost 0 ( ai t ; 0, b ) 
a? sin? (t)—b? Va? sin? (t)—b? Vaz sin? (t)—b? 
ab cost b —asint 
aa sin (t) =? ( Vo? sin? (t)—b2’ O Vo? sin? (t)—b2 ) 
0 0 


(0, —1, 0) 
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If a? sin?(t) — b? < 0, then the retraction r2(H) is a time-like curve. Since T = , so 


~asi b 
pe asint 0 (T,T) =—1,v = |?o| = \/b? — a? sin?(t) 


Ve — a? sin?(t) le — a? sin? (t) 


(7 rt) _ b? cos?(t) “i Gl __ abcost 
a ae = a4? sin?(t))” , ~ b? — a2 sin?(t)” 








and 





Hence, T is space-like, (T,T) =1, T is time-like with curvature 


ab cost asint 
N= 


(b? — a? sin’ (t)) . ,/b2 — a? sin? ae — a? sin? 


and B = (0,—1,0), (B, B) = 1 > 0, which is positively oriented, so the torsion t = 0. Then, 


the Frenet equations of r2(H) in matrix notation are 








k= 

















ri 0 vk, O T 
N = UK 0 UT N 
B 0 -vur 0 B 
0 atts 0\ ( (ata? ate) 
Pat sin) (eee : Dy merce Z(t) 
0 0 0 (0, —1,0) 


If a? sin? (t) — b? = 0, then the retraction r2(H) is a light-like curve and the tangent vector 
T is undefined, and then the Frenet equations cannot be appointed, see Figure 1 for details. 


y 


Xx 


Figure 1 











This completes the proof. 
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Theorem 3.5 Let H(t) = {(acost,asint, bt)} be a helix in E}. Then the Frenet equations are 
variants under the x-y retraction projection r3(H) = {(acost,asint,0)}, 


Proof Let H(t) = {(acost, asint, bt)} and let r3(H) = {(acost, asint,0)} be x-y retraction 
projection of the curve H(t). Clearly, (73,73) = a? > 0 for all t € domainr3(H), and |3| = a, 
Poe (— sint, cost, 0), 
U 


where v = a, (T,T) = 1. Then, r3(H) is a space-like curve. And eee = lie, |T| =1. 


Thus T is space-like with curvature « = ia = 4 > 0 and r = 0, N = (—cost,—sint,0), 
B = (0,0,—1). Then, the Frenet equations in matrix notation are 


T 0 vk, 0 we 
N = —vkK 0 UT N 
B 0 vr 0 B 
0 1 0 (— sin t, cos t, 0) 
= -1 0 0 (— cost, — sint, 0) 
OF 1D (0,0, 1) 





This completes the proof. 











Corollary 3.6 Let H(t) = {(acost,asint, bt)} be a helix in E}. Then, the Frenet equations 
can not be appointed under the retraction projection r1,2(H) = {((l,)acost, (Ig)asint, (l3)bt)} = 
{(0, 0, bt)}, #1 = lo =0, lg =1, and ri.2(H) is a straight line z = bt. 


Proof Let H(t) = {(acost, asint, bt)} be a helix in EP and let ri.2(H) = {(0,0, bt)} be a 
retraction of the curve H(t) and (71,.2,71,2) = —b? < 0 for all t € domainH, then rj.2(H) is a 
time-like curve and |?12| = 6, T = = = (0,0,1), where v = a and Te) = 0,|T| = 0. Thus, 
T is light-like and T is time-like, the normal and bi-normal vectors N, B are undefined. And 
the Frenet equations cannot be appointed. The ratio 7/« is undefined. Since « = tT = 0 then 





r1,2(H) is a straight line. 











Definition 3.7 Let P(t), P(t) C E} be any curve in Minkowski 3-space E},t € R, we have an 
arbitrary point, tj € DomainP > I = (6 —to,d + to) withd >0, 1 CR ando ER, then there 
exists related retractions for every interval I define as r;(P(t)) C P(t) Cc E?. 


Theorem 3.8 Let H(t) 


= {(acost, asint, bt)} be a helix in E}. Then, the Frenet equations of 
the retraction r;(H) = H(f( 


t)) are different from the Frenet equations of H(t). 


Proof Notice that rj(H) = {(acos f(t), asin f(t),bf(t))}. Since (7,#) = f? (a? — 0), 
f? > 0 for all t, the retraction r;(H) of the helix H(t) is a space-like curve when a? — b? > 0, a 
time-like curve if a? — b? < 0 and a null-like curve if a? = b?. And since the ratio T/K =c is a 
constant for all t, then the retraction r;(H) is a helix. We have three cases should be discussed. 
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Case 1. The curve r;(H) is a space-like retraction helix if a? > b?, and we have 








—asinf acosf b ) 


7?) = f(a? —b), v=f a-#, 7. =( ; : 
( ) f*( ) f Jaz — b? Vaz — b2 Va? — b2 


and (T;,T;) = 1. Hence, r;(H) is space-like, N, = {(— cos f,—sin f,0)}, B=T x N and 


1 ; 
Be = {arp lbsin f, —bcos f, -a)} 


with curvature Kk, = =“ > and torsion T, = —. Also, 


. : _ fra? pen 3 fa 
cae a2 — b2 > 0, |T| = a2 — b2 


and T,. is a space-like vector, and the Frenet equations of r;(H) in matrix notation are 























Dy 0 vK 0 Ty 
Np = —vK Out N, 
B,. 0 vt O B,. 
0 vite 0 (aah rath vate) 
= atte 0 ts (—cos f,— sin f, 0) 
0 = 0 Face (bsin f, —beos f,—a) 


Case 2. The curve r;(H) is a time-like retraction helix if a? < b?, and then we have 








\r(H)| = f?(|a? — b’|), ey ro ee ( —asinf acosf b ) 


Jb? — a2’ /b? — a2’ Vb? — a2 


and (T,,T») = —1. 


So, N, = {(—cos f,—sinf,0)}, B= Tx N, B, = { pokes (bsin f, —beos f, -a)}, the 


basis {T, N, B} is positive oriented because (B,B) = 1, the curvature is K, = jr“ and the 





e “ $2 2 : 
torsion is Tp = wo. Also, (Eide = i > 0, and T;. is a space-like vector. So, the Frenet 


equations of r;(H) in matrix notation are 




















T, 0 vk 0 T 
N, = UK 0 UT N, 
B, 0 -vur 0O B, 
0 affha 0 (sos. ate be 2 =) 
ne wee 0 ply (—cos f, — sin f,0) 
Ds tee Fecca (bsin f,—beos f,—a) 











This completes the proof. 
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Theorem 3.9 Let H(t) = {(acost, asint, bt)} be a null helix in E3. Then, the Frenet equations 
of the retraction r;(H) = H(f(t)) are different from the Frenet equations of H(t). 


Proof Let r;(H) be a light-like retraction helix of H(t), re-parameterization by the pseudo 
arc length s. So, a = b = +, f(t) = cf(s) and the equation of a light-like helix is H(s) = 


{ 4,(cos(cs), sin(cs),cs)}, where r;(H) = {4(cos(cf(s)), sin(cf(s)),cf(s))} () with curvature 
kK, = 1, the tangent vector 


Tes) = { ZU" (sin(ef(s))).c0s(ef(s))1)b, Tes) =O. 


Then r;(#) is a light-like helix and the norma vector is 


Cc 


No(s) = Tels) = { (—Lsintes) = 1? costes), © coscen) 7°) k, 


the bi-normal vector B,(s) is defined as follows: 


Notice that B(s) is a unique light-like vector then (1) (B,B) = 0; Also, (2) 9(T7,B) =1 
and since B is orthogonal to N, then (3) (B,N) = 0. From (1),(2) and (3), the bi-normal 
vector is 

B,(s) ={(, K, L)} 


J = u (tan?(cf) sin(cf) — sec(cf)) + Ge ss) sin(cf), 














f® Qf’ 2Qcf" 
kK tg ma cos(cf) — Titan? (cf) cos(cf) — af cos(cf), 
L = a (tan(cf) — tan?(cf)) + a + oe 
with torsion 
mr " n2 
t= —(N, B= - i a + (tan(cf) — tan?(cf))ef” — es 











This completes the proof. 





Corollary 3.10 Let H(s) = {4(cos(es),sin(cs),cs)} be a null helix in E}. Then, the Frenet 
equations of the retraction r;(H) = H(f(s)) can be formed by the Frenet equations of H(s) if 


e (3) =O 
Proof Let H(s) = {4(cos(cs),sin(cs),cs)} be a null helix in E?, where 
rs(H) = { %(cos(ef(s))sin(ef(s)).cF())} 


with curvature «, = 1. If f’(s) =0 then f’(s) = c and f(s) = cis + c2 be a linear function, 


where c; = 1 and cg < 0 are constants. By substituting there conditions in the equations of 
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T,-(s), N;(s) and B,.(s) in Theorem 3.9 and applying the value of T(s), N(s) and B(s) following 


Then ,we have r;(H) = { 4,(cos(cs + ¢1)), sin(cs + c1, cs + c,)}. The tangent vector of r;(H) is 
T,-(s) = AvT + A2pN + 2, where \ = (0,0,1 — Az) and Aj, 2 are constants. Then the normal 
vector of r;(H) is N;-(s) =.N +2B+v, where v = (0,0,—12) and 1,12 are constants, the 
bi-normal vector of r;(H) is B,(s) = mB —-—12N +7, where 7 = (0,0,1— 7) and m,12 are 
constants and the curve r;(H) has torsion 7, = meape a f’?7, curvature kK; = « = 1. Then, 
the Frenet equations of the retraction r;(H) = H(f(s)) can be formed by the Frenet equations 
of H(s) if f’(s) = 0 and so 


N,(s) = vn(s) + 2B(s) + 


(s) = 
B,(s) =m B(s) — mN(s) + 











This completes the proof. 





Now, we introduce types of conditional foldings of the helix H = {(acost,asint, bt)} in 
E3. Clearly, H’ = {(asint,acost, b)}. Define 





b 
W : {(acost, asint, bt)} {- cost, = sint, ih. m> 1. 
m m m 


Theorem 3.11 The Frenet equations of the non-null helix H = {(acost,asint, bt)} in E} are 
invariant under the folding V(H) = {4 cost, “sint, P +h for integers m > 1. 








and (w, 8) = 72 (a? - b?). Since she > 0, this folding is a space-like curve if a? > 67, a 


time-like curve if a? < b? and a null curve if a? = b?. Since H(t) is a helix then the ratio 


Proof Let U(H) = {£ cost, “sint, 4t} be a folding of the helix H = {(acost, asint, bt)} 
=o 


T/« =c is a constant. So the folding W(t) has the ratio rs/Kp = 7/« = —2, is also a constant 
and then W(t) is a helix. We have three cases should be discussed. 


Case 1. The folded helix is space-like if a? > b?. So, |W(t)| =v = /( yi - (2)° and 











—asint  acost b 
Ti = % 9 7 T,T — a 
© (3 — b2 Va2 — f2 Vaz _ =) ( ) 
1 
By = To x No = § ——(bsint, —bcost,—a)?, 
Vv Vv U iz = sa ( )} 
Ny = {(—cost,—sint,0)} 


. . _ eg : 
with curvature Ky = a> and torsion Ty = at. Also, (ty, Tw) = op > 0, [Tol = 
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Jae: Thus, Ty is a space-like vector, and the Frenet equations in matrix notation are 

T 0 unt 0 T 

N = —vuK OUT N 

B 0 vr 0 B 
0 a 0 (34%: acost b ) 

Va2—be a2—b2’ Ja2—b2? Val—P 
= Jet 0 Tan (— cost, — sint, 0) 

0 Ja 0 rae (b sin t, —b cost, —a) 


Case 2. The folded helix is time-like if a? < b?. Then, we have |H(t)| = \/Ja? — 62], where, 


v= (B= (4) ana 








Vb? — a?’ Vb? — a?’ Vb? = a? 


Ty = (ss acost b ); 
{(— cost, —sint,0)}. 


Nye = 
So, (T,T) = —1 and 


eas sint, —bcost, -a)} ; 
—a 


By = Te x No = { 











the basis {T, N, B} is positive oriented because (B,B) = 1, T = (sos. — ). The 





; Z Bi, # oat 2 — 
curvature Ky = p2“Sz and the torsion Ty = ots. Also, (Tv, Tw) = pogz > 0. So, Ty isa 


space-like vector, and the Frenet equations in matrix notation are 

















T 0 UK 0 T 
N — UK 0 UT N 
B 0 -wvur O B 
0 sip 0 (se, Hite le) 
= cee ae 0 eee ( cost sin t.0 
Wares Jee — cost, — sin t, 0) 
0 ye 0 Tp (bsint, —bcost, —a) 














This completes the proof. 





Theorem 3.12 Let H = {(acost,asint, bt)} be a null helix in E?, V(H) = {“ cost, “sint, &t} 
a folding of H(t) for integers m > 1. Then, the Frenet equation of U(t) can be formed by the 
Frenet equation of H(t). 





Proof Let U(t) = { “ cost, < sint, Py} be a folding of the null helix H = {(acost, asint, bt)}, 


m 


v = 0. Then, T is undefined, re-parameterization H(t) by the pseduo arc length s. Let 
a=b=4,t=cs. Thus the equation of the light-like helix is H(s) = {4(cos(cs), sin(cs), cs) }, 
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U(s) = + { 4(cos(cs), sin(cs), cs) } with curvature « = 1. The tangent vector is Ty(s) = U(s 


mn ) 
+ {4(-sin(cs), cos(cs),1)}, the normal vector is Ny(s) = Ty(s) = + {(—cos(cs), sin(cs), 0)} 
with the the bi-normal vector defined as follows. 

Since By(s) is a unique light-like vector, we know that (1) (B,b) = 0. Also, (2) g(Tv, Bu) = 
—1. Notice that By is orthogonal to Ny, there must be (3) (By, Nw) = 0. From (1), (2) and 


(3), 


By(s) = 5 (sin(cs), —cos(cs), 1) 

















and ty = — (NG, Bu) = eae So, the Frenet equations of folded curve ¥(H) in matrix notation 
are 
Tt, 0 1 0 ae 
Ni — Ty 0 1 Nu 
By 0 tw O By 
0 1 0 —_ (—sin(cs), cos(cs), 1) 
= ee 10° a + (—cos(es),—sin(cs),0) |, 
Q: S20 me (sin(cs), — cos(cs), 1) 
where, ky =K = 1, Ty =T = = and 
Ty = iT 
Ny =iN 
Bu =mB 











This completes the proof. 
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Abstract: Let G be a graph. Let f : V(G) > {0,1,2,--- ,&4—1} be a map where k € N 
and k > 1. For each edge uv, assign the label |f(u) — f(v)|. f is called k-total difference 
cordial labeling of G if |tag(¢) — tar(7)| < 1, i,7 € {0,1,2,--- ,& — 1} where tap(x) denotes 
the total number of vertices and the edges labeled with 2. A graph with admits a k-total 


difference cordial labeling is called k-total difference cordial graphs. 


Key Words: Difference cordial labeling, Smarandachely difference cordial labeling, star, 


path, cycle, bistar, crown, comb. 


AMS(2010): 05C78. 


§1. Introduction 


We consider here finite, simple and undirected graphs only. Ponraj etl., has been introduced 
the concept of k-total difference cordial graph in [4]. In [4,5], 3-total difference cordial labeling 
path , complete graph,comb ,armed crown, crown , wheel, star etc have been investigate and 
also we prove that every graph is a subgraph of a connected k-total difference cordial graphs 
in .In this paper we investigate 4-total difference of cordial labeling of some graphs like star, 
path, cycle, bistar, crown, comb, etc. 


§2. K-Total Difference Cordial Labeling 


Definition 2.1 Let G be a graph. Let f : V(G) > {0,1,2,--- ,k—1} be a function where k E N 
andk > 1. For each edge uv, assign the label |f(u) — f(v)|. f ts called k-total difference cordial 
labeling of G if |tap(«) —ta(9)| < 1, 4,9 © {0,1,2,---,k —1} where ta(x) denotes the total 
number of vertices and the edges labelled with x. A graph with a k-total difference cordial labeling 
is called k-total difference cordial graph. Otherwise, if there is a pair {i,j} C {0,1,2,--- ,k—1} 
such that |tag (i) — tap(J)| > 1,such a labeling is called a Smarandachely k-total difference cordial 
labeling of G. 


Remark 2.2((6]) 2-total difference cordial graph is 2-total product cordial graph. 
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§3. Preliminaries 


Definition 3.1 The corona of G, with G2,G 1 © G2 is the graph obtained by taking one copy 
of Gz and p, copies of Gz and joining the i*” vertex of Gy with an edge to every vertex in the 


i*” copy of Go. 
Definition 3.2. Armed crown AC,, is the graph obtained from the cycle Cy : uyug+++Un uy with 


V(AC,) = V(Ch) U {u1, wi 2 1 <4 <n} and E(AC,) = E(Ch) U {uivi, viwi : 1 <a <n}. 


Definition 3.3. An edge x = uv of G is said to be subdivided if it is replaced by the edges uw 
and wv where w is a vertex not in V(G).If every edge of G is subdivided,the resulting graph is 
called the subdivision graph S(G). 


Definition 3.4 Jelly fish graphs J(m,n) obtained from a cycle Cy: uxvyu by joining « and y 


with an edge and appending m pendent edges to u and n pendent edges to v. 


Definition 3.5 Triangular snake T,, is obtained from the path P, : ujug-++Un with V(T,) = 
V(Phn) Ufuirl<i<n-1} and E(T,) = E(Pr) =U {ui wigiui: (1 <i<n-1)}. 


Definition 3.6 Double Triangular snake D(T,,) is obtained from the Path Py, : uyug+++Un with 
V(D(In)) = V(Pa)U{vi, wit 1<i<n—1} and E(D(Tn)) = E(Pn) U{uivi, wiwi 1 <i < 
n—1U {ojwiga, witig, 21 <i<n-1}. 


§4. Main Results 


Theorem 4.1 Any star K1,,, is 4-total difference cordial. 
Proof Let V(Kin) ={u,uj:1<i<n} and E(Ay,n) = {uu;:1<i< n}. 
Case 1. n=0 (mod 4). 


Let n = 4r,r € N. Assign the label 1 to the central vertex. Next assign the label 0 to the 


vertices U1, U2,...,U2,- and assign the label 3 to the remaining vertices. 
Case 2. n=1 (mod 4). 


Let n = 4r+1,r € N. Assign the label 1 to the central vertex u .We now move to the 
pendent vertices.Assign the label 0 to the vertices u,,u2,--- , Ug, and assign the label 3 to the 


next remaining vertices U2r+41, Uar+2,°°° ,U4r and U4y+1. 
Case 3. n= 2 (mod 4). 


Let n = 4r + 2,r € N.In this case assign the label 0 to the vertices u;,u2,--- , U2, and 
U2r41-Next assign the label 3 to the vertices 2,42, Uar+3,°°* ,U4r42-Finally assign 1 to the 


central vertex uw. 
Case 4. n =3 (mod 4). 


As in case (3) assign the label to u, ui, u2,--- ,Un—1-. Next assign the label 3 to the vertex 
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Un- 
Table 1 given below establish that this vertex labeling pattern is a 4-total difference cordial 


labeling. 





Values of n taf (0) tap (1) tap (2) taf (3) 

















n = 0 (mod 4) 2r 2r+1 2r 2r 

n = 1 (mod 4) 2r 2r+1] 2r+1 } 24r+1 
n =2 (mod 4) | 2r+1 ] 2r+2 | 2r+1 | 2r+1 
n =8 (mod 4) | 2r+1 | 2r+2 | 2r+2 | 2r+2 
































Table 1 


A 4-total difference cordial labeling of Ky,,(n = 1,2,3) is given in Table 2. 



































Values of n | wu | uy | ug | us 
1 1] 3 
2 1/0] 38 
3 1/0) 3) 3 
Table 2 











This completes the proof. 





Theorem 4.2 The path P,, is 4-total difference cordial for all values of n. 


Proof Let P, be the path uj, u2,--- Un. 
Case 1. n=0 (mod 4) n> 3. 


Let n = 4r, r € N, Assign the labels 3, 1, 1 and 3 respectively to the vertices uz ,u2,u3,u4.Next 
assign the labels 3,1,1 and 3 to the next 4 vertices u5,ug,u7,ug respectively. Proceeding like 
this until we reach the vertex u,,. That is in this process the last 4 vertices un—3,Un—2, Un—1 


and uy receive the labels 3,1, 1 and 3. 
Case 2. n=1 (mod 4) n>3. 


Let n = 4r+1,r € N. As in Case 1, assign the label to the vertices u,, u2,--+ ,Un—1. Next 


assign the label 3 to the vertex un. 
Case 3. n= 2 (mod 4), n> 3. 


Let n = 4r + 2,r € N. Assign the label to the vertices u1,u2,--: ,Un—1 as in Case 2. Next 
assign the label 1 to the vertices un. 


Case 4. n=3 (mod 4),n >3. 


Let n = 4r + 3,r € N. Assign the label to the vertices u1, u2,--- ,Un—1 as in Case 3. Next 
assign the label 1 to the vertex u,. This vertex labels is a 4-total difference cordial labels follows 
from Table 3 for n > 3. 
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Values of n tap(O) | tag(1) | tap(2) | tap (3) 
n =0 (mod 4) | 2r-1 2r 2r 2r 
n = 1 (mod 4) 2r 2r 2r 2r+1 
n = 2 (mod 4) 2r Qr+1] 2r+1 | Atl 
n=8 (mod 4) | 2r+1 |] 2r+2 | 2r+1 | 2r+1 





























Table 3 


A 4-total difference cordial labeling of P,(n = 1, 2,3) is given in Table 4. 
































Values of n | uy | ug | us 
1 0 
2 O | 2 
3 0] 2} 3 
Table 4 











This completes the proof. 





Theorem 4.3 The cycle C,, is 4-total difference cordial if n =0,1,3 (mod 4) 


Proof Let C,, be the cycle ujug---unuz. Assign the label to the vertices u1,u2,--- ,Un 
as in Theorem 4.2. Table 5 given below shows that this labeling of C,, is a 4-total difference 


cordial. 





Values of n tap(O) | tag(1) | tap(2) | tap (3) 
n = 0 (mod 4) 2r 2r 2r 2r 
n = 1 (mod 4) 2r 2r 2r 2r+1 
n =8 (mod 4) | 2r+1 |] 2r+2 | 2r+1 | 2r+1 



































Table 5 











This completes the proof. 





Theorem 4.4 The bistar By», is 4-total different cordial for all n. 


Proof Let V(Bnn) = {u,v,ui,05:1<1< n} and E(Bnn) = {uu vi, : (1 <i<n)}. 
Clearly By» has 2n + 2 vertices and 2n + 1 edges. Assign the label 1 to the central vertices u 
and v. Assign the label 3 to the vertices u1,u2,--- ,Un and v,. We now assign the label 1 to 
the vertices v2,v3,-++ ,Un. Clearly ta (0) = n, tap(1) = tap (2) = ta(3) = n+ 1. Therefore f is 
a 4-total difference cordial labeling. 




















Theorem 4.5 The crown C,, © Ky is 4-total difference cordial labeling for all values of n. 


Proof Let Cy, be the cycle uyug-+-unu, .Let V(Cp © K1)V(Cr) {ui :1<i<n} and 
E(C,OK1) = E(Cn)U {uu : 1 <i <n}. Assign the label 1 to the cycle vertices wu, u2,+++ , Un- 


Next we move to the pendent vertices v;. Assign the label 3 to all pendent vertices v1, v2,--- ,Un- 
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Clearly ta(0) = tag(1) = tar (2) = tar (3) = rn. Hence f is a 4-total difference cordial labeling. 


Corollary 4.1 All combs are 4-total difference cordial labeling. 


Proof Clearly the vertex labeling in theoeam 4.5 is also a 4-total difference cordial labeling 
of Ps © ky 














Theorem 4.6 The armed crown AC,, is 4-total difference cordial for all n. 


Proof Clearly AC, has 3 vertices and 3n edges. Let the vertex set and edge set as in 
Definition 3.2. Assign the label 1 to the all the cycle vertices ui, u2,---: ,Un. Next we assign 
the label 3 to the vertices v1, v2,--- ,Un- 


Case 1. 1 is even. 


In this case assign the label 3 to the pendent vertices w1w2---w2 and 1 to the remaining 


pendent vertices w241,W242,''* Wn. 


Case 2. 1 is odd. 






































Assign the label 3 to the vertices wi, wa,--- , Wnt and 1 to the vertices Wnts, Wnt5,*** Wh. 
The table 6 given below establish that this vertex labeling pattern is a 4-total difference cordial 
labeling. 
Values of n taf (0) tap (1) taf (2) laf (3) 
n is even ae Ae He 
F 38n+1 3n—1 3n—1 3n+1 
n is odd "5 “5 "5 "5 
Table 6 











This completes the proof. 





Theorem 4.7 The double triangular snake DT,, is 4-total difference cordial for all n. 


Proof Let the vertex set and edge set as in Definition 3.6. 
Case 1. n=0 (mod 3). 


Assign the labels 3, 2,3 to the path vertices u,,u2,u3. Next assign the labels 3, 2,3 to the 
next 3 vertices u4, U5, Ue respectively. Proceeding like this until we reach the vertices u,. That 
is in the process the last three vertices Un—2,Un—1, Un receive the label 3, 2,3. Next assign the 


label 0 to the vertices v,,v2,--+ ,U, and assign the label 2 to the vertices wy, we,:-: , Wn. 
Case 2. n=1 (mod 3). 


In this case assign the labels to the vertices u;,(1 <i<n—1),u,,w;,(1 <i<n-—1) asin 
Case 1. Next assign the labels 3,0, 2 respectively to the vetices un, Un—1, Wn- 


Case 3. n=2 (mod 3). 


As in Case 2 assign the labels to the vertices wu, U2,-+* ,Un—1,U1, V2,°°* Un—2 and Wy, W2,°+*Wr_2- 
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Finally assign the label 2,0 and 2 to the vertices u,,vp_; and wn— 1. Table 7 given below es- 
tablish that this labeling scheme is a 4-total difference cordial labeling of DT). 





Nature of n tap(O) | tap(1) | tap(2) | tap (3) 
n =0 (mod 3) | 2n-—2 | 2n—2 | 2n-—1 | 2n-2 
n=1 (mod 3) | 2n-—2 | 2n—2 | 2n-—2 | 2n-1 
n = 2 (mod 3) | 2n-—2 | 2n—2 |] 2n—-1 | 2n-2 
































Table 7 














This completes the proof. 
Example 4.1 A 4-total difference cordial labeling of D(T¢) is shown in Figure 1. 


0 0 0 0 0 








Figure 1 


Theorem 4.8 The jelly fish J(n,n) is 4-total difference cordial for all n. 


Proof Let C4 be acycle uxvyu. Let V(J(n,n))=V (C4) U {ui, vi 2 1 < i < mn} and E(J(n,n)) 
= E(C4) U {xy, cu;, yo; : 1 <i <n}. Assign the label 1 to the all cycle vertices u,x,y,v. Next 
we move to the pendent vertices. Assign the label 3 to the uy, u2,--+ , Un and v1,v2. Assign the 
label 1 to the v3, v4,--+ ,Un. Since tap (0) = n+ 3,tag (1) = tap (2) = tae (3) =n +2 ,f is a 4-total 


difference cordial labeling. 




















Theorem 4.9 The subdivision of the bistar Bnn, S(By.n) is 4-total different cordial for all n. 


Proof Let V(S(Bnin)) = {u, W, Y, Us, Vi, Ui, Yi 2 1 <i <n} and E(S(By»)) = {uu, uri, ww, 
WY, VU;, Viys 2 1<i< nk}. Assign the label 1 to the vertices u,w and v.Next assign the label 3 
to the vertices uy, U2,°-: , Ui; 
%1,%2,°*: ,x; and vy. We now assign the label 2 to the vertices y1, y2,--- ,Yn and v2. Finally 
assign the label 1 to the vertices v3, v4,--- ,Un- Since ta(0) = tap(1) = tap (3) = 2n + 1 tap (2) = 
2n+ 2. The labeling f is a 4-total difference cordial labeling. 




















Theorem 4.10 P, © 2k, is 4-total difference cordial for all n. 
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Proof Let P,, be the path uy, u2,--- ,Un-Let v;,w; be the pendent vertices adjacent to u; 
(1<i<n). Assign the label 1 to the path vertices uy, u2,-++ , Un. 


Case 1. 1 is even. 


Assign the label 3 to all the vertices v1 ,v2, +++, Un and w1,w2, ++, wz. We now assign the 


label 1 to the vertices w241,w242,°++ ,Wn- 
Case 2. n is odd. 


As in Case 1 assign the label to the vertices u;,v;,w; (1 < i <n). Next assign the label 3 
to the vertices u, and assign the label 1 to the vertex wy. 

Table 8 given below establish that this vertex labeling pattern is a 4-total difference cordial 
labeling. 





Values of n taf (0) tap (1) taf (2) taf (3) 
































i 3n _ 3n 3n 3n 
n is even a 1 5 5 a 
: 3n-—1 3n+1 3n-1 3n-1 
n is odd 5 5 - 5 
Table 8 














This completes the proof. 


Theorem 4.11 S(P, © K1) is 4-total difference cordial for all n. 


Proof Let P, be the path wy, u2,+++tn.Let V(P, © Ki) = V(P,) U {uj 1 <i <n} and 
E(PrOK1) = {uj:1<i< n}. Let x; be the vertex which subdivide the edge ujuj41,{1 <i <n-—1} 
and y; be the vertex which subdivide uj;v; : {1 <i<n}. Assign the label 3 to the all path 
vertices U,,U2,°°* ,Un and %1,%9,--+ ,£p, and vg. Next we assign the label 1 to the vertices 
Y1; Y2,+--Yn and v;. Finally we assign the label 2 to the remaining vertices v3, v4, +++ Un. Clear- 
ly tap(O) = tap(1) = tag(2) = 2n — 1,tap(3) = 2n. Therefore, f is a 4-total difference cordial 
labeling of S(P, © Ky). 














Theorem 4.12 S(C,, © Kj) is 4-total difference cordial for all values of n. 


Proof Let Cy : uiu2+++tUnusr be the cycle. Let V(C, © Ki)=V(Ch) U {vi : (1 <i < n)} 
and E (Cy, © Ky) = E(Cr) U {mri : 1 <i<n}. Let x;,y; be the vertices which subdivide the 
edges ujui4i(1 <i < n—1) , wu;(1 <i <n) respectively. First we assign the label 3 to the 
cycle vertices uy, U2,°+'Un and £1,%2,---X%p,. Next we assign the label 1 to the y1, y2,--- Yn. 
Finally assign the label 2 to the all pendent vertices v1,v2,---Un. Clearly tap(0) = ta(1) = 
taf (2) = tap(3) = 2n. Therefore f is a 4-total difference cordial labeling of S(C;, © K1). 














Theorem 4.13 S(AC,,) is 4-total difference cordial for all n. 


Proof Let the vertex set and edge set of AC, as in definition 3.2.let 2; : (1 <i< 
n—1),yi:(1<i<n-—1) and z;: (1 <i <n-—1) be the vertex which subdivide the edges 
utig1: (1 <i<n—1)uv: (1 <i<n-—1) and vw; : (1 <i<n-—1) respectively. Assign 


the label 3 to the vertices u,,ug,--- ,Un and 21,%2,°-- , 2, and wi, W2,--: ,Wn. Next assign 
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the label 1 to the vertices y1,y2,--- ,Yn-Then assign the label 2 to the vertices v1, v2,--+ , Un 
and 21, 22,°**%n. obviously tg(O) = tag(1) = tap(2) = tap(3) = 3n. Therefore f is a 4-total 
difference cordial labeling of S(AC,,). 














Example 4.2 A 4-total difference cordial labeling of S(AC;,,) is shown in Figure 2. 





Figure 2 


Theorem 4.14 S(T),) is 4-total difference cordial. 


Proof Let the vertex set and edge set of T;, as in Definition 3.7. Let x;,y; and z; be the 
vertices which subdivide the edges uj;uj41,uj, vj and ujz410;, (1 <i <n). 


Case 1. n=0 (mod 4)). 


Assign the label 3 to the vertices u1, u2,--+Un and ©1,%2,-+:%p_1. Assign the label 1 to the 
vertices Y1,Y2°**Yn—1- Next assign the label 2, 3,1 and 3 to the vertices 21, z2, 23, z4 then assign 
the label 2,3,1 and 3 to the next 4 vertices 25, zg, 27, 2g respectively. Proceeding like this until 
we reach the vertices z,_;. That is in the process the last four vertices are 2,4, Zn—3; 2n—2) Zn—1 
receive the label 2,3,1,3. Next assign the label 0, 2,3,2 to the vertices 0,2,3,2 to the vertices 
U1, V2, U3, v4 then assign the label 0,2,3,2 to the next 4 vertices vs, vg,U7, ug respectively. Pro- 





ceeding like this until we reach the vertices v,_,.That is in the process the last 4 vertices 





Un—4; Un—3; Un—2;Un—1 receive the label 0, 2, 3, 2. 
Case 2. n=1 (mod 4). 


As in Case 1 assign the labels to the vertices u;, (1 <i <n—1),v;, ©j, yi, 21, (1 <i < n—2). 
Next assign the labels 3,0,3,1 and 2respect to the vertices un, Un—1, 2n—1; Yn—1 and Zp—-1. 


Case 3. n= 2 (mod 4). 


In this case, assign the labels to the vertices u;, (1 <i < n—1),vi, vi, yi, 2, (1 <i < n— 2) 
as in Case 2. Finally assign the labels 3,2,3,1 and 3 to the vertices un, Un—1,%n—1, Yn—1 and 
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Zn—1 respectively. 


Case 4. n=3 (mod 4). 


As in Case 3, assign the label to u;,(1 < i < n—1),uj;, 2i, yi, 2:,(1 < i < n—2). Next 


assign the labels 3, 3,3, 1 and 1 to the vertices un, Un—1, Zn—1; Yn—1 and Z,_1 respectively. Table 


9 given below establish that this vertex labeling pattern is a 4-total difference cordial labeling. 











Nature of n taf (0) tap (1) taf (2) tap (3) 












































n=0 (mod 4) ins ins in=12 Lin—12 
n=l (mod 4) Maco nse Ms ae 
n=2 (mod 4) Lin—10 1in—10 Lin—10 1in—10 
n=3 (mod 4) ed ae uit nels 





Table 9 














This completes the proof. 
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